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Abstract 

We argue supersymmetric generalizations of fuzzy two- and four-spheres based on the 
unitary-orthosymplectic algebras, uosp{N\2) and uosp(N\4:), respectively. Supersymmetric 
version of Schwinger construction is applied to derive graded fully symmetric representation for 
fuzzy superspheres. As a classical counterpart of fuzzy superspheres, graded versions of 1st and 
2nd Hopf maps are introduced, and their basic geometrical structures are studied. It is shown 
that fuzzy superspheres are represented as a "superposition" of fuzzy superspheres with lower 
supersymmetries. We also investigate algebraic structures of fuzzy two- and four-superspheres 
to identify su{2\N) and sm(4|7V) as their enhanced algebraic structures, respectively. Evalu- 
ation of correlation functions manifests such enhanced structure as quantum fluctuations of 
fuzzy supersphere. 
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1 Introduction 

Concrete idea and technique of quantization of two-sphere may be traced back to the work of 
Berezin [1] in 70s. In the beginning of 80s, the algebraic structure of fuzzy two-sphere and field 
theory on it were first argued by Hoppe [2] and in the early 90s subsequently explored by Madore 
[3]. The fuzzy two-sphere is one of the simplest curved fuzzy manifolds whose coordinates satisfy 
the SU (2) algebra. Field theory defined on fuzzy manifolds naturally contain a "cut-off" , and such 
non- commutative field theory was expected to have weaker infinity than that of the conventional 
field theory. Few years after the work of Madore, Grosse et al. introduced four-dimensional fuzzy 
spheres |3] and supersymmetric (SUSY) generalizations of fuzzy spheres in sequel works [5l [6]. 
In the developments of string theory in late 90s, researchers recognized that the geometry of D- 
branes is described by fuzzy geometry O [HI [9] (as reviews) and fuzzy manifolds arise as classical 
solutions of Matrix theory, e.g. [10^ lllj. It is also known that fuzzy superspheres provide a set-up 
for field theory on SUSY lattice regularization [Sj [121 E] > and realize as a classical solution of 
supermatrix model \14:\ I15|. For such important properties, fuzzy spheres and their variants have 
attracted a great deal of attentions [16 ^ 117 ^ ] (as reviews). Non-commutative geometry and fuzzy 
physics also found their applications to gravity [20^ [211 [22] and even to condensed matter physics 
[231 [Ml- Recently, the mathematics of fuzzy geometry is applied to construction of topologically 
non-trivial many-body states on bosonic manifolds [251 [26l [27] and on supermanifolds |28[ [29] as 
well. 

In this paper, we apply close relations between fuzzy spheres and Hopf maps [30] to generalize 
fuzzy superspheres in higher dimensions. A useful mathematical tool for that construction is the 
Schwinger operator formalism |31[ llBj. Specifically, the two-dimensional fuzzy sphere coordinates 
are simply obtained by sandwiching the Pauli matrices with two-component Schwinger operators: 



With the Schwinger operator, it is quite straightforward to derive fully symmetric representation, 
which corresponds to a finite number of states on fuzzy sphere. In general, a finite number of 
states on 2fc-dimensional fuzzy spheres are given by fully symmetric representation of SO{2k + 1) 
|32j . The Schwinger operator is regarded as the "square root" of the fuzzy sphere coordinates, 
and play fundamental roles rather than the fuzzy sphere coordinates themselves. Meanwhile, with 
(f) denoting a normalized two-component complex spinor, the (1st) Hopf map is represented as 



(1) 




(2) 



2 



Comparison between ([T]) and ([2|) finds that the (1st) Hopf map can be regarded as the "classical" 
counterpart of the (Schwinger) operator construction of fuzzy two-sphere. 

In the construction of fuzzy superspheres, nice algebraic structures and relations between the 
Hopf map and fuzzy sphere are inherited [331 [31] . The fuzzy two-supersphere^ constructed by 
Grosse et al. [SJ E] are based on the U0Sp{l\2) algebra that includes su{2) ~ usp{2): 



(The classical counter part of the fuzzy two-supersphere, the graded 1st Hopf map, was first 
given in Refs.[35t [36] . See also Refs.[3ll [37].) The coordinates of the fuzzy two-supersphere are 
introduced by replacing the SU{2) Pauli matrices with the UOSp{l\2) matrices of fundamental 
representation. As uosp{l\2) contains su{2) as its maximal bosonic subalgebra, the fuzzy two- 
supersphere "contains" the fuzzy two-sphere as its fuzzy body. Such construction is based on the 
graded Lie algebra, and hence the structure of fuzzy super-geometry is transparent. We want to 
maintain such nice features. To this end, we utilize a graded Lie algebra whose maximal bosonic 
subalgebra is so(5). The minimal graded Lie algebra that suffices for this requirement is uosp(l|4), 
since so(5) ~ usp{A): 



We adopt U0Sp{l\4:) version of Schwinger operator in the construction of fuzzy four-supersphere 
and also introduce the graded 2nd Hopf map as its classical counterpart. We further extend such 
formulation to include more supersymmetries with use of U0Sp{N\2) and UOSp{N\4:). Represen- 
tation theory of the graded Lie algebra is rather complicated, however if restricted to graded fully 
symmetric representatiorj^, investigations are greatly simplified. By dealing with the Schwinger 
operator as fundamental quantity, we observe "enhancement" of symmetry of fuzzy superspheres. 
This mechanism is similar to the symmetry enhancement reported in higher-dimensional fuzzy 
spheres [39\ I^Ot I41| . We also reconsider such enhancement in view of quantum fluctuations of 
fuzzy superspheres. 

Some comments are added to clarify difference to related works. In Ref.|l2], supersymmetric 
Hopf maps were introduced in the context of SUSY non-linear sigma models. In the construction, 
the fermionic parts are introduced to incorporate = 4 super symmetry. Though the bosonic 
parts are related to Hopf maps, the fermionic parts themselves are not directly related. In the 
present construction, together with bosonic components, the fermionic components themselves 
constitute graded Hopf maps. Supersymmetric quantum mechanics in monopole background 
related to the Hopf map is well investigated recently [Ml [lH [IS [Ml [13 [iSl [l9] . Works about 

^In this paper, two-supersphere is referred to as the supersphere whose body is two-dimensional sphere. Two- 
supersphere with supersymmetry is denoted as S^^^'^ whose bosonic dimension is two and the fermionic dimension 
is 2N, and hence the total dimension is 2 -I- 2N. Similarly, fuzzy four-supersphere consists of four-sphere body and 
extra fermionic coordinates. 

We adopt the terminology, "graded fully symmetric representation" to indicate a representation constructed 
by a supersymmetric version of Schwinger operator. The graded fully symmetric representation is totally symmetric 
for the bosonic part and totally antisymmetric for the fermionic part. It is also referred to as harmonic oscillator 
representation in several literatures. For general representation theory of graded Lie groups, one may for instance 
consult Ref.[38] and references therein. 



su{2) C uosp{l\2). 



(3) 



so(5) C nosp(l|4). 



(4) 
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higher-dimensional fuzzy super-manifolds of which the author is aware are Ref. [501 \5T\ [52t [53] . The 
fuzzy complex projective space was constructed in Ref. |50j based on the super unitary algebra. 
Such construction is similar to the spirit of the present work, and is indeed closed related as we 
shall discuss. In [23]) fuzzy superspheres are formulated in any dimensions. However, the fuzzy 
two-supersphere provided by the formulation is not same as of Grosse et al. In the present, though 
the construction is restricted to two and four-dimensions, the algebraic structure underlying fuzzy 
geometry is transparent and the fuzzy two-supersphere of Grosse et al. is naturally reproduced. 

The paper is organized as follows. In SeciJl we briefly introduce the unitary-orthosymplectic 
algebra, uosp{N\M). In SeclSl we review the construction of fuzzy two-supersphere as well as 1st 
graded Hopf map. N = 2 fuzzy two-supersphere and the corresponding 1st graded Hopf map are 
also discussed. In SeclH we argue construction of = 1 and N = 2 fuzzy superspheres and the 
graded 2nd Hopf maps. More supersymmetric extensions are explored in SeclH In SecEl we give 
supercoherent states on fuzzy two- and four-superspheres and investigate quantum fluctuations of 
fuzzy superspheres. SecHis devoted to summary and discussions. 



2 UOSp{N\M) 

Generators of the orthosymplectic group OSp{N\M) are defined so as to satisfy 

where In denotes N x N unit matrix and J represents the invariant matrix of the symplectic 
group 

J=( ' 'T)^ (6) 



and the supertranspose, st, is defined as 



B F\ _ I F 
F' B'j "I -F* B 



Here, t stands for the ordinary transpose, and B and B' signify bosonic components while F and 
F' fermionic components. can be expressed by a linear combination of 

''''' = (T o) ' = (o .1) ' = [-{.Ly 7) ' 

where a, /3 are the indices of Sp{M) (a,/3 = 1,2,- •• ,M) and l,m those of 0{N) {l,m = 
1,2,- •• ,A^). aia denote arbitrary M x N matrices, while a^js and aim signify M x M and 
N X N matrices that respectively satisfy 

o-im* + crim = 0, (9a) 

(Ta^^J + J (Tap = 0. (9b) 
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The OSp{N\M) algebra contains the maximal bosonic subalgebra, sp{M) © o{N), whose gen- 
erators are Sq,^ and S;^. The off-diagonal block matrices S^q, are called fermionic generators 
that transform as fundamental representation under each of Sp{M) and 0{N). Then, the so{N) 
matrix aim. is an antisymmetric real matrix (j9a|) with real degrees of freedom A^(A^ — l)/2. The 
indices of aim can be taken to be antisymmetric, ai^ = —(^mi- Meanwhile, from the relation (|9bp 
aap takes the form of 

where k stands for a M/2 x M/2 complex matrix, and s and s' are M/2 x M/2 symmetric complex 
matrices. If the hermiticity condition is further imposed, aap are reduced to the generators of 
U Sp{M) and take the form of 

where h represents hermitian matrix and s symmetric complex matrix. The real independent 
degrees of freedom of aaji is M{M + l)/2. Then, for usp{M), the indices can be taken to be 
symmetric, aa^ = (Tpa- Meanwhile, the real degrees of freedom of the fermionic generators is 
MN . Consequently, th real degrees of freedom of uosp{N\M) are given by 

d\m[uosp{N\M)] = ^(M^ + n"^ + M - N)\MN = ^((Af + Nf + M - N). (12) 

There are isometrics between the unitary-symplectic and orthogonal algebras only for 

usp{2) ~ so(3), usp(4) ~ so(5). (13) 

Taking advantage of such isomorphism, we construct fuzzy two- and four-superspheres based on 
uosp{N\2) and uosp{N\A). 

3 Graded 1st Hopf maps and fuzzy two-superspheres 

Here, we review relations between fuzzy two-sphere and 1st Hopf map, and their supersymmetric 
version. We also explore a construction of = 2 fuzzy supersphere with use of typical represen- 
tation of UOSp{2\2) algebra. 

3.1 The 1st Hopf map and fuzzy two-sphere 

To begin with, we introduce relations between fuzzy two-sphere and 1st Hopf map 

A (14) 

With a normalized complex two-component spinor (p = ((/>!, (/>2)* subject to = 1, the 1st Hopf 
map is realized as 

Xi = (p^ai4>, (15) 
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where CTj {i = 1,2,3) are the Pauh matrices, 

(j) is regarded as coordinates on from the normahzation condition, and Xj denote coordinates 
of 52; 

= {(PU? = 1- (17) 
Coordinates of fuzzy two-sphere Sp are constructed as 

X^ = ^^ai^, (18) 

where <^ = {^1,^2)^ stands for two-component Schwinger operator that satisfies <l>|j] = (5^^ 
and [<I>Q,, = (a, /3 = 1, 2). Usually, in front of the right-hand side of (|18p . the non-commutative 
parameter of dimension of length is added, however for notational brevity, we omit it throughout 
the paper. Xi satisfy 

[Xi,Xj]=2ie^jkXk, (19) 
and square of the radius of fuzzy two-sphere is given by 

XjXi = (^>t$)($t$ + 2) = n(n + 2). (20) 

Here, h is the number operator n = $^<I> and its eigenvalues are non- negative integers that specify 
fully symmetric representation. The fully symmetric representation is simply obtained by acting 
the components of the Schwinger operator to the vacuum: 

\hM = ^^^f'^l''\0), (21) 

where li and I2 are non-negative integers satisfying I1 + I2 = n. Physically, {hjh) represent a finite 
number of states on fuzzy two-sphere, and their 3rd-components are 

X3 = /i - /a = n - 2k, (22) 

where k = I2 = 0,1,2, ■■ ■ ,n. The dimension of (|2ip is 

d{n)=n+l. (23) 

The Hopf map (|15|) is regarded as a classical counterpart of the Schwinger construction of 
fuzzy sphere (llSp with the replacement 

^ cP^, ^>t ^ cPl, (24) 

and ()20p is reduced to ()17p except for the "zero-point energy" , stemming from the non-commutativity 
of two bosonic components of the Schwinger operator. 
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3.2 = 1 fuzzy two-supersphere 

Here, we extend the above discussions to the graded 1st Hopf map [351 ES] and A'' = 1 fuzzy 
two-supersphere l5l[6] along Refs.[M| [37]. 

3.2.1 UOSp{l\2) algebra 

The UOSp{l\2) algebra contains the SU{2) algebra as its maximal bosonic subalgebra, and con- 
sists of five generators three of which are bosonic Li (i = 1,2,3) and two of which are fermionic 
La (a = 01,6*2). They satisfy 

[Li,Lj] = ieijkLk, [Li,La\ = -{(Ti)paLj3, {La, L/j} = -{eai)ai3Li, (25) 

where e = ia2 is the SU{2) charge conjugation matrix. One may find that Lj transform as an 
SU{2) vector, while La an SU{2) spinor. The U0Sp{l\2) Casimir is constructed as 

C = LiL-i + tapLaLp, (26) 

and its eigenvalues are given by j{j + 1/2) with j referred to as superspin that takes non-negative 
integers and half-integers, j = 0, 1, 2, 1, 3/2, • • • . The U OSp{l\2) irreducible representation speci- 
fied by the superspin index j consists of SU{2) j and j — 1/2 spin representations and hence the 
dimension of the U0Sp{l\2) representation with superspin j = n/2 is 

d{n) + d{n - I) = 2n + I, (27) 

where d{ri) is the dimension of the SU{2) spin n/2 (|23p . For UOSp{l\M), there exists a "square 
root" of the Casimir, the Scasimir [541 138j. In the present, Scasimir is given by 

S = -^{l-SeapLaLp), (28) 

which satisfies 

S^=C + ^. (29) 

Then, the eigenvalues of Scasimir are ±j(j + 1/4). Interestingly, the Scasimir is commutative with 
the bosonic generators and anticommutative with the fermionic ones, 

[L„S] = {La,S} = 0. (30) 



3.2.2 N = 1 graded 1st Hopf map 

The graded 1st Hopf map is given by 

^312 A ^212^ (31) 

where left index to the slash indicates the number of bosonic coordinates, while the right index 
fermionic coordinates. The bosonic part of ()3ip is exactly equivalent to the 1st Hopf map. The 
coordinates on the total manifold S^l^ is represented by a normalized three-component superspinor 
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^jJ = {tpi,'tp2,'nY whose first two components are Grassmann even and the third component is 
Grassmann odd. A normahzation condition is imposed as 

V,tV' = V'iVi+V'2V2-r/*r? = l, (32) 

where il^'^ = (^j[',^2' ~^*) ^'^d * represents the pseudo-conjugatior|§. The graded 1st Hopf map is 
reahzed as (351 ES] 

^ Xi = 211)^^11), Oa = 2^tLaV, (33) 
where Li and Lq, are the fundamental representation matrices of uosp{l\2) 

L. = -h L. = -{ (34) 

2 Oy ' 2 y-(er«)* 0^ ' ^ ' 

with e = «(T2, Ti = (1, 0)* and T2 = (0, 1)*. One may regard (pMj) as a supersymmetric extension of 
the Pauli matrices. They are "hermitian" in the sense 

l\ = Li, lI = eai3Lf3, (35) 

where I is the super-adjoint defined by 



(36) 



\C D I -St Z)t / ■ 

From ()33p . we see that Xi and 6a are coordinates on 5^1^ : 

XiXi + e«/3^«^/3 = {il^'^il^f = 1, (37) 



and from ([35]) . 

X* = Xj, 0* = eapOjS- (38) 

Notice that are Grassmann even but not usual c-number, since the square of Xi is not c- number 
as observed in (j37p . Instead, we can introduce c-number yi as 

Hi = —/^^=^^^ Xi, (39) 

which satisfy myi = 1 and denote coordinates on S^, the body of S"^'^. The original normalized 
SU (2) spinor is "embedded" in ^ as 



2 /^i 
2 + T]*r] \ip2^ 



(40) 



With T/j, (p can be written as 



\ ^ 1 / 1 + 2/3 

>2 i v/2(l+y3) Ui + iy2 



(41) 



^The pseudo-conjugation is imposed as (?;*)* = —17 and (771772)* = '7i'?2 for Grassmann odd quantities. See 
Ref. |38] for instance. 
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where e^^ denotes arbitrary U{1) phase. Represent the Grassmann odd component rj as 



where and v are real and imaginary components of r], which satisfy 

fj, = u, ly = —fi. 

Therefore, 

r]*r] = —fiv. 

The map ()33p immediately determines the relations between 6i, 62 and /i, i^: 

H = 9i, 1^ = 6*2. 



(42) 

(43) 
(44) 

(45) 



Consequently, can be expressed as 



1 



/ 



V2(l + 2/3)(l + W 



yi + «y2 

\(l+y3)0i + (yi+iy2) 



(46) 



The last expression on the right-hand side manifests the = 1 graded Hopf fibration, S"^!^ ~ 
S^l^ ® S^: the S^{^ [/(l))-fibre, e*-^, is canceled in the graded Hopf map (j33p . and the remaining 
quantities, yi and ^a, correspond to the coordinates on S^l^. 

3.2.3 = 1 fuzzy two-supersphere 

Coordinates on fuzzy supersphere are constructed by the graded version of the Schwinger con- 
structior0 [33] : 



where ^' stands for a graded Schwinger operator 

(^1,^2,^')*, 

with bosonic operators ^1 and ^2 and fermionic one ^ satisfying 
It is straightforward to see that (|47p satisfy the algebra 

[Xi,Xj] = 2ieijkXk, [Xi,@a] = {o'i)l3aQl3, {©a,©/?} = (eO"i)a/3-'^j 



(47) 
(48) 



(49) 



(50) 



*In (|47|l we adopted the ordinary definition of the Hermitian conjugate f , so GJ, 7^ €a$Op unlike 6^ = e> 
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Square of the radius of fuzzy supersphere is given by the U0Sp{l\2) Casimir 

XiXi + e^peaep = {^^^){^^^ + i), (51) 

where we used 

XiXi = flBiflB + 2), 

e«/30a0/3 = -^B + 2nBnF + 2nF, (52) 

with fiB = ^1^1 + ^2'^2) np = and h'jp = hp. ^'^^ denotes the total number-operator 

h = ^'t^I' = fiB + hp- Notice the zero-point energy in (jSip reflects the difference between the 
bosonic and fermionic degrees of freedom of the Schwinger operator. The Scasimir is expressed as 

S = {\-np){h + ]^). (53) 



From (|5T|) and (j53j) . one may readily show (j29|) . 

Graded fully symmetric representation specified by the superspin j = n/2 is given by 

\hM) = ^^,^t'^t\^). (54a) 
|mi,m2) = -=2==^r'^r'^M, (54b) 

^Jml\ 1712'. 

where I1 + I2 = "^1 + + ^ = n with non-negative integers, li,l2,mi and 1712- {mi, 7712) are the 
fermionic counterpart of \li,l2), and thus they exhibit = 1 SUSY. The bosonic and fermionic 
statejf] are classified by the sign of Scasimir (j53|) . Scasimir takes the values 

5 = ±i(2n + l), (55) 

with + and — for the bosonic (j54ap and fermionic ()54bp states, respectively. The degrees of 
freedom of bosonic and fermionic states are respectively 

dB = d{n) = n + 1, dp = d{n — 1) = n, (56) 

and then the total degrees of freedom is 

dT = dB + dp = 2n + l. (57) 

X3-coordinates of these states are 

X3 = n-k, (58) 

where A; = 0, 1, 2, • • • , 2n. For even k, the eigenvalues of X3 correspond to the bosonic states (j54ap , 
while for odd k, the fermionic states ()54bp . Compare the X^ eigenvalues of fuzzy supersphere ()58p 
and those of the fuzzy (bosonic) sphere (j22p : the degrees of freedom of fuzzy supersphere for 



^ In this paper, the bosonic and fermionic states refer to states with even and odd number of fermion operators, 
respectively. They are eigenstates of the fermion parity (—1)"^ with the eigenvalues +1 and —1. 
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even k are accounted for by those of fuzzy sphere with radius n, while those for odd k are by 
fuzzy sphere with radius n — 1. Thus, the bosonic and fermionic degrees of freedom are same 
as of the fuzzy spheres with radius n and radius n — 1, respectively. Consequently, the fuzzy 
two-super sphere of radius n is intuitively understood as a "superposition" of two fuzzy spheres 
whose radii are n and n — 1. Schematically, 

Sf{n) ~ SUn) © SUn - 1). (59) 

It is noted that though we only utilized the UOSp{l\2) algebra, fuzzy two-supersphere itself 
is invariant under the larger SU {2\1) symmetry: indeed, the right-hand side of (j5ip is invariant 
under the SU {2\1) rotation of the Schwinger operator ^. In this sense, the symmetry of fuzzy 
two-supersphere is SU {2\1) rather than UOSp{l\2). Also notice that the graded fully symmetric 
representation is regarded as a (atypical) representation of SU{2\1). 



3.3 N = 2 fuzzy two-supersphere 

We utilized the UOSp{l\2) algebra to construct = 1 fuzzy supersphere Sp, . Here, we apply 

2 1 4 

UOSp{2\2) algebra to construct N = 2 fuzzy supersphere Sp, . 
3.3.1 UOSp{2\2) algebra 

UOSp{2\2) algebra contains usp{2) ~ su{2) and o(2) ~ u(l) as its bosonic algebras, and the 
fermionic generators transform as a SU{2) spinor and carry U{1) charge as well. Thus, uosp{2\2) 
is isomorphic to su{2\l), and its dimension is 

dim[ttosp(2|2)] = dim[su(2|l)] = 4|4 = 8. (60) 

We denote the four bosonic generators as Li {i = 1, 2, 3) and F, and the four fermionic generators 
as La and L'^ (a = 01,62). The UOSp{2\2) algebra is given by 

[Li,Lj] = ieijkLk, [Li,Laa] = -{(^i)l3aLi3a-, {^aa, L(^r} = ■^^aT{^(^i)al3Li + -^aT^ajS^, 
[T,Li] = 0, [^,Laa] = ^^TaLar, (61) 

where Laa = {La^L'^) |§. Lj and L^ form the U0Sp{l\2) subalgebra. There are two sets of 
fermionic generators, Lq, and L'^, which bring N = 2 SUSY. The fundamental representation is 
3 dimensional representation, as expected from uosp(2\2) ~ sti(2|l). The UOSp{2\2) algebra has 
two Casimirs, quadratic and cubic [55] • The quadratic Casimir is given by 

C = LiLi + Ca/^LaLis + eaisL'aL'i^ + . (63) 
®The algebra (|6ip coincides with the UOSp{2\2) algebra usually found in literature by the following redefinitions, 

Li^Li, L^^La, L'^^iDc,, r^-iV. (62) 
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The irreducible representation is classified into two categories; typical representation and atypical 
representation (see Appendix lA.l.ll for details). Since the Casimir eigenvalues of (j63p are identi- 
cally zero for atypical representation, we utilize typical representation to construct N = 2 fuzzy 
two-superspheres. The minimal dimension matrices of typical representation are the following 
4x4 matrices: 



2 { O2 O2 ) ' 2 



/ O2 



r„ 0^ 



(er^)* , 



1 



V 



0, 



/ 02 



\-{eTay 




1 /02 02 

2 1^02 e ^ 

(64) 



(These are equivalent to those given in Ref.|55j.) 



3.3.2 N = 2 fuzzy tw^o-supersphere 

Applying the Schwinger construction to (j64p . we introduce N = 2 fuzzy supersphere coordinates 



as 



(65) 
(66) 



Xi = 2¥Li^, e„ = 2^^La^, e'„ = 2^'^L'^^', G = 2^^T^', 
where ^ denotes the four-component Schwinger operator 

^ = (^'i,^'2,^'l,^2)*. 

(o = li2) are bosonic operators while {a = 1,2) are fermionic ones satisfying 

[^^,^^^^] = {^^,^^} = [^^,^^] = 0. (67) 
Square of the radius of = 2 fuzzy two-supersphere is evaluated as 



Xa^ + eapQaQp + eap&'aQ'p + = {^^^f. (68) 



Here, we used 



XiXi = flBijlB + 2), 

= AhpinF - 2), (69) 

where fiB = Yl'^=i ^a^a, np = Ylit=i ^ct^o-- For ^'^^ = n, the graded fully symmetric represen- 
tation is derived as 



\h,l2) 



\mi,m2) 



1 



1 



\m[,m2) 



ni,n2) 



1 i m\ + mL ~ 4- , , 



mo! 



1 



(70a) 
(70b) 
(70c) 
(70d) 
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where h + h = mi + m2 + 1 = m'l + m'2 + I = ni + re2 + 2 = n with non-negative integers, Zi, I2, 
mi, m2, m'^, ni, n2. We have two sets of bosonic states, |/i,/2) and |ni,n2), and two sets of 
fermionic states, \m\,m2) and Im'^, 771,2) ^ well. The degrees of freedom of bosonic and fermionic 
states are equally given by 

ds = d{n) + d{n - 2) = 2n, 

dp = 2x d{n-l) = 2n, (71) 

with d{n) = n + 1, and the total is 

drp = ds + dp = 4n. (72) 

Square of the radius of = 2 fuzzy two-supersphere ([68]) does not have the zero-point energy since 
the bosonic and fermionic degrees of freedom are equal. The first two sets, ()70ap and ()70bp . are 
UOSp{l\2) j = n/2 irreducible representation, and the other two, (j70cp and ()70dp . are U0Sp{l\2) 
j = n/2 — 1/2 irreducible representation. In this sense, the N = 2 fuzzy two-supersphere with 
radius n is regarded as a "superposition" of two = 1 fuzzy superspheres whose radii are n and 
n — 1. Remember that = 1 fuzzy two-supersphere can also be regarded as a superposition of 
two bosonic fuzzy spheres. Consequently, N = 2 fuzzy sphere is realized as a superposition of four 
fuzzy spheres whose radii are n, n — 1, n — 1 and ?i — 2. Schematically, 

sf{n)c^sf{n)(BSf{n-l) 

~ SUn) e SUn - 1) e Slin - 1) e SUn - 2). (73) 

Notice that such particular feature is a consequence of the adoption of graded fully symmetric 
representation. The corresponding latitudes of the states ([70]) are given by 

X3 = n-k (74) 

with = 0, 1, 2, • • • , 2n. The even k correspond to the bosonic states, (j7Uap and ()70dp . while odd 
k the fermionic states, ()70bp and (|7Ucp . Except for non-degenerate states at the north and south 
poles X3 = ibn, the eigenvalues of X3 ([74]) are doubly-degenerate. 

Since the right-hand side of (j68p is invariant under the SU{2\2) rotation of ^, the symmetry 
of = 2 fuzzy two-supersphere is considered as SU{2\2) rather than UOSp{2\2). 

3.3.3 N = 2 graded 1st Hopf map 

Based on the Schwinger construction of A^ = 2 fuzzy two-supersphere, we introduce N = 2 version 
of the graded 1st Hopf map. With ([M]) . we define 

Xi = 2^^Li^, ea = 2^^LaiJ, 0'^ = 2^^L'^^, g = ^^Ti;. (75) 

Here, denotes a four-component spinor tp = (V'l) ??2)* normalized as 

ipt^P = ipii/j^ + il;*i/j2 - -ql-qi - r?2r?2 = 1, (76) 
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and then is regarded as coordinates on S^^'^. The coordinates (j75p satisfy the relation 

XiXi + e^/sOaOp + eai^e'J'i^ + = (^t^f = i. (77) 

Notice all of the quantities ([75]) are not independent^. This can typically be seen from Oid20'i02g = 
0. (If 9a, 9'a and g were independent, their product would not be zero.) Rewrite ip as 



1p2 

m 



(78) 



where 



denotes the normalized SU(2) spinor (j^T]) . Also, we express 771 and r/2 as 



??2 



(79) 



where fii and /i2 represent the real parts of the Grassmann odd quantities, and vi and 1^2 represent 
the imaginary parts. The map (i75]l determines the relations between fii^2, 1^1,2 and 6*1^21 O'l 2 as 



9l = v^l + r?*r?i + 7?*7?2 fii, 92 = + T^l, 

9'i = a/1 + rjlrji + r]^r]2 ^2, 6*2 = \/l + + 7?2^2 i'2- 



Then, 

or inversely. 



?i^2 + 9[92 



-(1 + 771 771 + in*2m){'nim + ??2??2) 



1 - - ry*ry2 '' 



Vim + V2m 



?1^2 + ^1^2 



^'1^2 



1 - ^1^2 

Therefore, from ([80]) and ([82]) . //i, i/i, /i2 and 1^2 are represented as 



102 — ^1^2 ~ 20i&2^l^2- 



(80) 
(81) 
(82) 



1 



1 



Ml 

/^2 



VI - ^1^2 



1' 



1^2 



0" 



AO'2 



VI - ^1^2 



(83) 



Consequently, ■0 is given by 



V^2(l + y3)(l + ei92 + ^i^^ + 401^2^1^^; 



yi + «y2 

(i + 0ie^)(ei(i + y3) + ^2(yi + ^y2)) 

V(l + 0i92){9[{l + yg) + 0'2{yi + ^2/2))/ 



e^>^, (84) 



^ This situation is similar to Schwinger construction of fuzzy complex projective space. The coordinates on fuzzy 
(^pjv-i ^j,g j-epresented by the SU{N) generators sandwiched by Schwinger operators. Though the real dimension 
of CP^-^ is 2N - 2, the dimension of SU{N) generator is iV^ - 1. This "d iscrepancy" is resolved by noticing all of 
the SU (N) generators in the Schwinger construction are not independent and satisfy a set of constraints. See [56] 
for more details. 
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where e^^ denotes arbitrary U{1) phase factor. Xi and yi are related as 



1 _ 1 

1 + vlm + v^''' ~ 1 - 6102 - e[9'2 - 2ei92e[e'^' 



Thus, can be expressed by Xi, 6a, 9'^, the coordinates on 5^'^, and arbitrary U{1) phase factor. 
Obviously, the C/(l)(~ S^) phase is canceled in ()75p . Then, the bilinear map (j75p represents 

S'^' A (86) 

which we call the N = 2 graded 1st Hopf map. We have four bosonic and four fermionic coordinates 
in (j75]) . but g = — ??|f?2 + f?2^i is a redundant coordinate. Indeed, with (j8l|) . g is expressed by yi, 
Or, and 9L as 

g = yiioA - 929'^) - iy2{eA + ^2^^) - ^3(^1^2 + 020[). (87) 



It can also be shown that the following "renormalization" 



Xi 



\/l - ff^ Xi = {I - \g'^)xi, 9a \/l - 5^ 



2 

9'^^,/r^9'a = e'a, 

eliminates g: the renormalized coordinates satisfy the ordinary condition of 5^'^, 

XiXi + eap9a9p + eap9'a9'p = 1. (89) 

One might attempt to introduce more supersymmetry. In principle, it is probable to do so 
by utilizing UOSp{N\2) algebras for > 3. However, the radius of the N = 2 fuzzy two- 
supersphere ([55]) already saturates the "classical bound" ([77]) . In general, square of the radius 
of fuzzy supersphere with A^-SUSY is proportional to n(n + 2 — N) and becomes negative for 
"sufficiently small" n that satisfies n < N — 2. Hence we stop at N = 2. 

4 Graded 2nd Hopf maps and fuzzy four-superspheres 

In this section, we extend the previous formulation to fuzzy four-supersphere. 

4.1 The 2nd Hopf map and fuzzy four-sphere 

The 2nd Hopf map 

5^ ^ 5^ (90) 

is represented as 

4) ^ Xa = (t>ha(t>, (91) 

where 4> = (i;^i, (/>2, (/*3, <A4)* is a normalized four-component complex spinor (j)^(f) = 1, representing 
coordinates on 5^. 7a (a = 1,2,3,4,5) are 50(5) gamma matrices that satisfy {7a, 76} = 25ab 
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with Kronecker delta 6ab- 7a can be taken as 



/ iai\ / ia2\ / ias] 

where I2 denotes 2x2 unit matrix. From (|9ip . we have 

XaXa = {(PU? = 1- (93) 

Thus, Xa (|91|) are coordinates on four-sphere. 

Coordinates on fuzzy four-sphere Sp are constructed as [1] 

Xa = $Wa$, (94) 

where $ = (^>i, $2, ^3) ^4)* represents a four-component Schwinger operator satisfying = 
5ai3 and [<I>q, <I>^] = (q, /3 = 1, 2, 3, 4). Square of the radius of fuzzy four-sphere is derived as 

= ($t$)($t$ + 4). (95) 

The zero-point energy corresponds to the number of the four-components of the Schwinger oper- 
ator. Let n be the eigenvalues of the number operator h = $^<I>. The corresponding eigenstates 
are fully symmetric representation: 

1^1,^2,^3,^4) = '^f'^l'^^f'^tm, (96) 

v'l! h- h- 

with Zi + ^2 + ^3 + ^4 = for non- negative integers /i, I2, h, I a- The degeneracy is 

D{n) = ^^{n + l){n + 2){n + 'i). (97) 

Notice, for the fully symmetric representation, square of the radius (195p is equal to the 50(5) 
Casimir: 

XaXa = ($t$)($t$ + 4) = 2 ^ XabXab, (98) 

a<h 

where Xab are the 50(5) generators given by 

[Xa,Xb]=^iXab, (99) 

or 

Xab = ^^lab^ (100) 

with ^ 

lab = -ijba^lb]- (101) 
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Here, ^ab are explicitly 




(102) 



Inversely, the sum of SO{5) generators can be "converted" to that of gamma matrices as long as 
the fully symmetric representation is adopted. Such conversion is crucial in constructing fuzzy 
four-superspheres as we shall see. 

In total, the fifteen operators, Xa and Xab, satisfy a closed algebra: 

[Xa, Xb] = AiXab, [Xa, Xbc] = -i{dabXc — 6acXb), 

[Xab, Xcd] = i{5acXbd — ^adXbc + hcXad — hdXac)- (103) 

By identifying XaQ = \Xa and Xab = Xab, one may find that (I103P is equivalent to so(6) ~ sn(4) 
algebra, 

[Xab, Xcd] = ii^Ac^BD - ^adXbc + Sbc^ad - SbdXac), (104) 

where A, B = 1,2, ... ,6. Thus, the underlying algebra of fuzzy four-sphere is considered as ■sm(4). 
The SU{4:) structure of the fuzzy four-sphere can also be deduced from the SU{A) invariance of 
the right-hand side of ([95|) . The states ^2, ^3) ^4) ([96]) ring the four-sphere at latitudes 

X5 = n - 2k, (105) 

where fc = 0, 1, 2, • • • , n, and is related to li, I2, I3, h as 

k = l^ + l^ = n-li-l2 (106) 

or 

l^ + l2 = n-k, l^ + l^ = k. (107) 
From (1107p . one may find, unlike the fuzzy two-sphere case, at X5 = n — 2k, there is degeneracy 

Dkin) = d{n - k) ■ d{k) = {n-k + l){k + 1), (108) 

where d{k) is the number of the states on fuzzy two-sphere with radius k (|23p . (j97p is reproduced 
as 

n n 

D{n) = ^Dk{n)=Y^ d{n - k) ■ d{k). (109) 
fc=o fc=o 
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With increase of k, Dk[n) monotonically increases from the north-pole to the equator k = n/2, and 
monotonically decreases from the equator to the south-pole. Dk{n) is symmetric under k n — k, 
which corresponds to the inversion symmetry of sphere with respect to the equator. Since d{n — k) 
and d[k) represent the degrees of freedom of fuzzy two-spheres with radii n — k and /c, respectively, 
(|108|) and (|1U9|) imply the existence of the "internal" degrees of freedom of fuzzy four-sphere: fuzzy 
four-sphere is constituted of four-sphere and fibre consisting of two fuzzy two-spheres (whose radii 
are {n -\- X^)/2 and (n — X^)/2 at the latitude X^). Schematically, 

S%{n)\x,=n-2k ^ Sl{n -h)® Sl{k). (110) 

In particular, at the north-pole, i.e. X^ = n, we have only one fuzzy two-sphere fibre with radius 
n: Sp{n)\xs=n — Sp{n). With SO{5) generators Xab, coordinates of the two "internal" fuzzy 
two-spheres are respectively given by 

Ri = 2^ijkXjk + ^i4) R'i = ^^ijk^jk — Xi4, (HI) 

and they satisfy 

[Ri,Rj] = -'^i^ijkRk, [R'iyR'j] = '^'i^ijkR'k^ [Ri,R'j] = 0. (112) 

Then, naturally, /21 h) are regarded as the states on the fuzzy manifold spanned by Xa and 
Xab. The three independent quantities of h, I2, I3, h, specify three latitudes of the four-sphere 
and two "internal" fuzzy two-spheres: 

= h + I2 — h — h, 
R3 = h — h, 

Ri^ = h- h. (113) 
Inversely, ^2, ^3, ^4) is uniquely specified by the eigenvalues of X5, X12 and X34: 

h = \n + ^X5 + ^R3, l2 = ^n + ^X5-^R3, 

h = ^n- + ^R',, h = \n- ^X, - ^R',. (114) 

Thus, as emphasized in Refs.[39l \40\ I41j . the fuzzy four-sphere has such "extra-fuzzy space" 
that does not have counterpart in the original four-spherqj. The existence of th fuzzy fibre 
Sp can naturally be understood in the context of the 2nd Hopf map. The SO{5) spinor (p 
denotes coordinates on 5^ ~ (8) 5^, and the U{1) phase of (j) is factored out to obtain CP^ ~ 
S"^ / ~ 5^ (8) [58]: we have S'^-fibred 5^ as the classical counterpart of Sp, not just 5^. Such 
enhancement mechanism is inherited to the super symmetric cases. 

4.2 = 1 fuzzy four-supersphere 

Here, we utilize C/05p(l|4) algebra to construct fuzzy four-superspheres with = 1 SUSY. 



One could truncate the extra fuzzy spaces, however in such a case, non-associative product has to be implemented 

ETl. 
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4.2.1 UOSp{l\4.) algebra 

The U0Sp{l\4) algebra is constituted of fourteen generators, ten of which are bosonic Tab = —^ba 
{a,b = 1,2, ■ ■ ■ , 5), and the remaining four are fermionic Fq, (a = 1, 2, 3, 4), 

dim[nosp(l|4)] = 10|4 = 14. (115) 

The U0Sp{l\4:) algebra is given by 

[Tab, Ted] = ii^acTbd — ^ad^bc — hc^ad + ^bd^ac), 
[rafeiTa] = (7af))/3ar^, 

{Ta,T^} = Y,iClab)af3Tab, (116) 

a<b 

where C is the 50(5) charge conjugation matrix 

with e = i(T2 (see Appendix [B] for detail properties of C). Tab act as 50(5) generators and Fq, as 
a 50(5) spinor. The C/05p(l|4) quadratic Casimir is given by 

C = ^ TabTab + Oq,^Fq,F;3, (118) 
a<b 

and Scasimir is 

S = ^{3-AC^pT^T^). (119) 
Similar to the UOSp{l\2) case, the Scasimir satisfies 

[Fa6,5] = {F«,5} = 0, (120) 

and 

S' = C + -. (121) 

The fundamental representation matrices of nosp(l|4) are constructed as follows. First, we 
introduce 

ra=(^: °l (122) 



0, 



with 7a ([92]) . to yield 50(5) generators 



4 

or 

Fafe= ( 



Tab = -i][Ta,rb], (123) 



7a6 0\ 

' 



(124) 
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with Jab (|102|) . The fermionic generators are 



where 




O4 









(o\ 




(o\ 




/o\ 









1 












Tl = 












1 


, 7-4 = 



















VV 



More exphcitly, 



1 

7^ 



^3 



1 
71 



/ 1\ 







V 1 0/ 

/ 0\ 
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V 1 



1 



0/ 



04, 



1 

7i 
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V 


-1 











0/ 
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o\ 


















































1 


V 








-1 





0/ 



They satisfy the "hermiticity" condition 

= Ta, = Tab, = c^/jr^. 

One may regard Ta and Tq as a supersymmetric extension of 50(5) gamma matrices. 
4.2.2 = 1 graded 2nd Hopf map 



(125) 



(126) 



(127) 



(128) 



GeneraHzing the procedure in Sec l3.2.2"l we construct = 1 graded version of the 2nd Hopf map. 
We first introduce UOSp{l\4:) spinor 

V' = (^l,V2,V'3,^4,??)*, (129) 

where ipi, ip2, i^s, V'4) Grassmann even while t] is Grassmann odd. ■0 is normahzed as 

ip'^ip = 1, (130) 

where 

with pseudo-complex conjugation *. From (jlSOp . we find that i/j denotes coordinates on S'''^. 
With the supersymmetric version of 50(5) gamma matrices Ta (|122p and T^ (I127p . we give 
= 1 graded 2nd Hopf map as 

Xa = i^^Tai^, d^ = i;iTai^. (132) 
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In detail, 



X4 

X5 



V'lV'3 + ■02 ^^4 + V'sV'l + i^l'^2, 
V'lV'l + ■02 ^^2 - ■i/'sV'S - -04, 

1 

1 

71 



('02?? + ??>l), 



From (r]*) 



^4 = ^(0:?? + ??>3)• 
-7y, we have x* = Xa and 0* = CajBOp. It is straightforward to see 



XaXa + 2Cal30a0l3 = {^^Hf 



1. 



(133) 



(134) 



If Xa and 9a were independent, ()134p was the definition of four-supersphere with four (pseudo-real) 
fermionic coordinates, S^^^. However, 61, 62, 63 and 9^ are not independent to each other, since 
they are constructed from only one Grassmann odd quantity rj that carries two real (Grassmann 
odd) degrees of freedom. Indeed, 

1 



73(74 



rf ^{i^ii^i + 0202), 



-rfr]{ipl'il)3 + 04^-4), 



-T] 1], 



(135) 
(136) 
(137) 



and then, for instance, 01^2^3 = 0. Also we find 

CajsOaOp = -r?*r?(V'5'^01 + 02 ^02 + 03 ^03 + 0404) 

and the relation (I134p can be rewritten as 

XaXa - 2r]*r] = 1, 

which corresponds to 5^'^. Thus, Xa and 9^ are regarded as coordinates on S^'^ rather than S"^'^. 
As a consequence, (|132p represents 

^7|2 ^ 5^12 cS^K (138) 

The cancellation of S"^ can be understood by the following arguments. The original normalized 
SO{5) spinor is embedded in the U0Sp{l\4:) spinor as 

/0l\ /0l\ 



>2 

^3 

V04y 



1 



i/l + ri*r] 



02 
03 

V04y 



(139) 
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From ()130p . the normalization of (j) follows 



1. 



(140) 



Then, the map 



^ ya = (p^la^P, (141) 

signifies the 2nd Hopf map (pOj) . i/a are coordinates of S^; the body of 5^'^. With ya, (f) is expressed 



as 



\ 



(i + ys) 



u 

V 



u 

V . 



\ 



J 



(142) 



where (u, f )* is an arbitrary two-component spinor subject to the normalization u*u + v*v = 1 
representing S'^-fibre. Such S^-fibre is canceled in (|14ip to yield the coordinates on S"^. In the 
graded 2nd Hopf map (jl33p , the cancellation of can also be shown. Write the Grassmann odd 
component ry as 

r] = ufi + vv, (143) 
with /X and u being real and imaginary Grassmann odd quantities that satisfy 



^ = z/, V = — /i. 
By inserting (jl42p and (jl43p to (jl33p . one may show 

Xa = (1 - ya, 



(144) 



yi + I ^ 

2 U 



1 



(^4 + iyi(y. 



(145) 



where r]*ri = —fiv was utilized. Notice that S'^-fibre denoted by [u, v) vanishes in the expression 
of Xa and 9a (|145p . Furthermore, ^0=3,4 are not independent with 6a=i,2, but related as 



A, 



— ^(y4+%0-i*) ( 

1 + ys \d2 J 



(146) 



The iV = 1 graded Hopf fibration, S'^l^ ^5^1^® 5^ is obvious fr om the expression 



1 



\/l - 



02 
03 
04 



y/T^^Jw (1 +^5) 



\ 



u 

V 



\/l - l-ii" (va - iyiCTi) 

\ v2(i+2/5) (tx^+w) y 



(147) 
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where S'^-fibre, {u,vY, is canceled in ()133p . and ya and fJ-,iy, respectively account for bosonic and 
fermionic coordinates on 5^'^. With 6i and 02, ip is rewritten as 



^2(l + ?/5) 



1-1^^2 (1 + 2/5) 



u 

V 



\ 



(2/4 - mcyi) 



2V2 [uOx + ?^6'2) 



u 

V 



(148) 



where are related to 



Va 



1 +X5 



1^2 a;a. 



(149) 



4.2.3 = 1 fuzzy four-supersphere 



The target manifold of the graded Hopf map is 5^'^, and we denote the corresponding fuzzy 

(150) 



four-supersphere as Sp'^. Coordinates of Sp'^, Xa and Qa, are constructed as 



where ^' is a five-component graded Schwinger operator 

^ = (^'i,^'2,^'3,^'4,^)*, 

with (o = 1)2,3,4) being bosonic operators and ^ a fermionic operator: 



pi — Oali, 



Square of the radius of fuzzy four-supersphere is derived as 

XaXa + 2Co^pQ^Qp = (^'t^)(^'t^ + 3). 
With the Schwinger construction, the Casimir (IllSp is represented as 

C = Y,XabXab + C^pQa&p = + 3), 



a<b 



where 



We used 



Xab = ^^r„,^ 



ab^ 



(151) 



(152) 



(153) 



(154) 



(155) 



XaXa = 2 ^ XabXab = flBiflB + 4), 
a<b 



(156) 
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with fiB = J2a=i 2 3 4 ^a^a and hp = ^"i"^. The Casimir p54p is equivalent to (|153p except the 
proportional factor. The graded fully symmetric representation is expressed as 

|/i,/2,/3,/4> = ^=4™*!'^^^^^ ^flO), (157a) 
Vti! h- ta' Ml 

1 imi fm2 fms f m4 ~ j. 

\mi,m2,m3,m4) = ^= ^ ^^0), (157b) 

V?Tli! 7712! 7713! 7714! 

where /i + /2 + ^3 + ^4 = ^1 + "^2 + ^3 + "^4 + 1 = 77. The Scasimir (|119p is expressed as 

'5 = ^(l-2n,.)(2n + 3), (158) 

with 77 = = TT,^ + TT-iT', and the bosonic (|157ap and fermionic ()157bp states are classified by 
the sign of Scasimir eigenvalues, 

5 = ±^(277 + 3). (159) 
The dimensions of bosonic and fermionic states are respectively given by 

= i?(77) = ^(77+l)(77 + 2)(77 + 3), (160a) 

DiT = L>(77- 1) = ^77(77 + l)(?7 + 2), (160b) 

and the total dimension is 

DT = DB + DF = l{n + l){n + 2){2n + 3). (161) 
o 

Similar to the case of = 1 fuzzy two-super sphere, the bosonic degrees of freedom (jl60ap are 
accounted for by fuzzy four-sphere with radius 77 and the fermionic degrees of freedom (Il60bp are 
by fuzzy four-sphere with radius 77— 1. Thus, the = 1 fuzzy four-super sphere is a "superposition" 
of two fuzzy four-spheres with radii 77 and n — 1. Schematically, 

5^^(77) ~ 5^(77)0 5^(77 - 1). (162) 

eigenvalues for the states (|157p are 

X5 = n-k, (163) 

with fc = 0, 1, 2, • • • , 2n. The degeneracies for even k = 21 and for odd = 2/ + 1 are respectively 
given by 

Dk=2i{n) = d{n - I) ■ d{l) = {n-l + + 1), 

Dk=2l+i{n) =d{n-l-l)- d{l) = (77 - + 1), (164) 

which give rise to 

n n— 1 

X] Dk=2i{n) = Db, J2 Dk=2i+i{n) = Dp. (165) 

1=0 1=0 
Therefore, at latitude = n — 21, we have fuzzy fibre consisting of two fuzzy two-spheres with 
radii 77 — / and while at latitude X^ = 77 — 2/ — 1 two fuzzy two-spheres with radii n — l — 1 and 
In other words, as fuzzy fibre at X^ = n — 2l, we have two fuzzy two-spheres with radii (n -|- ^5)72 
and (77 — X5)/2, while at X^ = n — 2/ — 1, two fuzzy two-spheres with radii (77 -|- X^)/2 — 1/2 and 
(77 - X5)/2 - 1/2. 
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4.2.4 Algebraic structure 

The = 1 fuzzy four-supersphere (jl53p is invariant under the 5'C/(4|1) rotation of the Schwinger 
operator This imphes hidden SU{A\1) structure of = 1 fuzzy four-supersphere. Here, we 
demonstrate the SU{A\1) structure of fuzzy four-supersphere based on algebraic approach. Notice 
that the fuzzy four-supersphere coordinates Xa, &a do not satisfy a closed algebra by themselves, 

[Xa,Xh]=4iXab, [Xa,Qa] = {la)paOp, {6,, 9^ = J^(C7afe)a/3^afe. (166) 

a<b 

The "new" operators that appear on the right-hand sides of ()166p are 

Xab = "f^rab^, Oa = ^^D^^, (167) 

with Tab (flMD and L»cH 

Xab and 0a respectively act as SO (5) generators and spinor. Commutation relations including 
them are 

[Xa, Qa] = ha)l3a&l3, [Xa, ©a] = (7a)/3a0/3, 

[Xab,'S>a] = {labjpaQp, [Xab,Oa] = {labjpaOp, 

{Qa, 6/3} = y^X^lab)aliXab, {&a, & fi] = - y^(<^7ab)a/3^ab; 
a<b a<b 

{6,, Op} = ^{Cja)apXa + ^C^/sZ. (171) 

The last equation further yield a new operator 

Z = "^^H^, (172) 

witl0 

-Co!)- 

The commutation relations concerned with Z are given by 

[Z,Xa] = [Z,Xab]=0, [Z,ea] = -30a, [Z,0„] = -3e„. (175) 



® Da have the properties 

Di = -CapDp, Da = -CapVl. (168) 

Da can be constructed by 

Da = \Y^{-fab)fia{Vah,Tfi}, (169) 



5 ■ 



similarly to the sit(2|l) case (see Appendix I A . 1 . 1 [) . 
^'^ H is constructed as 



H^^i CapTaVp + -]. (173) 
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(jl75p does not yield further new operators. After all, for the closure of the algebra of the fuzzy 
coordinates and ©q,, we have to introduce new fuzzy coordinates Xaf,, 0^ and Z0 and such 
twenty four operators amount to the SU{A\1) algebra (see Appendix lA. 2. ip . The basic concept 
of the non-commutative geometry is "algebraic construction of geometry". Thus, the algebraic 
structure underlying the fuzzy four-supersphere is considered as 5?7(4|1) rather than UOSp{l\4:). 
We revisit the 5C/(4|1) structure in SeclG) 



4.3 N = 2 fuzzy four-supersphere 

4l8 

We proceed to the construction of = 2 version of fuzzy four-sphere, Sp based on the U0Sp{2\A) 
algebra. 



4.3.1 U0Sp{2\A) algebra 

The dimension of the UOSp{2\4:) algebra is 

dim[uosp(2|4)] = 11|8 = 19. 



(177) 



We denote the eleven bosonic generators as Tab = —Tba {a,b = 1,2,3,4,5) and F, and the eight 
fermionic generators as Fq, and F^ (a = ^i, ^3) ^4)- The ?705p(2|4) algebra is given by 

i^ab, Ted] = ii^acTbd — ^ad^bc + ^bc^ad — hd^ac), 
[^abi'^a] = (7ab)^ar^5 [rabiTa] = (lab) I3a^'i3> 
{Fa,F/3} = {F^,Fj3} = y^(C7ab)a/3Fafe, 



i<b 

[rab,r] = o, 
[rL,r]=F,. 



{raiFjj} - -CapT, 

The UOSp{2\A) quadratic Casimir is 

C = ^ ^ab^ab + C'ct/^raF^ -|- Cq^F'^FJj -|- -F^. 



(178) 



(179) 



a<b 



The fundamental representation of UOSp{2\4:) generators is expressed by the following 6x6 
matrices 



ab 



lab 

. O2, 



1 

72 



/ O4 r„ 0^ 

-{CTaY 

\ 0, 



F' 










\-{Craf 



"^With use of 0a and Z, the UOSp{l\4:) invariant quantity is given by 

D D 



(180) 



(176) 
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with Jab (|102p and Tq, (jl26p . The corresponding gamma matrices are also 

with Ja 

4.3.2 N = 2 fuzzy four-supersphere 

With a Schwinger operator ^ = (^'i, ^'2, ^'3, ^'4, ^'i, ^2)*, we introduce N = 2 fuzzy four- 
supersphere coordinates 

Xa = ^^r^^, = ^■^r„^, = #r^^, g = ^'fr^. (i82) 

As emphasized in Sec J4.1l in Schwinger construction, the 5*0(5) Casimir can be replaced with the 
inner product of S0{5) gamma matrices, 

^ -^afe-'^ab = -^a-^a, (183) 

a<b 

and from (jl79p . square of the radius of = 2 fuzzy four-supersphere is obtained as 

XaXa + 2Cap@^@^ + 2Cap@'^@'p + G^ = (^t^)(^t^ + 2). (184) 
For = n, the graded fully symmetric representation is constructed as 

\li,l2j3,k) = ^=4™^^''^^''^^ |0), (185a) 

1 t'Tti j-ms xnn ~ I 

|mi, 7712, m3, 7714) = ^=======^'{ ^2 *3 ^4 *ilO>> (185b) 

Vmi! 7772! 7713! 7774! 

|7T7;,7n^,7n^,7n^)= m ^^i ^2 ^^|0), (185c) 

777-1^! mg! 7773! 777^! 

ini, 772, 773, 774) = ^==4===^r'^r^r^r^i^2io), (i85d) 

yni\ 772! 773! 774! 

where /i+Z2+^3+^4 = 7771+7772+7773+7774+1 = 777']^+7772 + 7?73+m4+l = 77-1+772+773+774+2 = 77. The 
first two are UOSp{l\4) representation of the index 77 ()157p while the other two are that of 77 — 1. 
In passing from |/i, ^2, ^3; ^4) to 1771,772,773,774) via either |7n,i, 7n,2, 7773, 7774) or | th,'^, 7n,2, Tn-g, 7774), we 
perform supersymmetric transformations twice, and hence we have N = 2 SUSY. Dimensions of 
bosonic and fermionic states are respectively 

Db = D{n) + ^(77 - 2) = ^(77 + 1)(772 + 277 + 3), 

O 

DiT' = 2D(77 - 1) = -(77 + 2)(77 + 1)77. (186) 

3 



The total dimension is 



L'r = -Di3 + L'F = ^(2772 + 47^ + 3)(77 + l). (187) 
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As in the case of fuzzy two-supersphere, N = 2 fuzzy four-supersphere is a "superposition" of two 
= 1 fuzzy four-superspheres. Schematically, 

Sf{n)^sf{n)®sf{n-l) 

~ S%{n) © S%{n - 1) © S%{n - 1) © S%{n - 2). (188) 

The last expression corresponds to the degrees of freedom of (jl85p . The states (jl85p are eigenstates 
of X5 with eigenvalues 

A5 = n - /c, (189) 

where /c = 0, 1, 2, • • • , 2n. The degeneracy at X5 = n — 21 (/ = 0, 1, 2, • • • ,n) is accounted for by 
the bosonic states (|185ap and ()185dp : 

D|=2« = Di{n) + Di_i{n - 2) = 2l{n - I) + n + 1 (190) 

with Di{n) ()108p . while that at X5 = n — 2/ — 1 (/ = 0, 1, 2, • • • , n — 1) is accounted for by the 
fermionic states ()185bp and (jl85cp : 

jjk=2l+i ^ 2Di{n - 1) = 2{l + l)(n - /). (191) 
4.3.3 N = 2 graded 2nd Hopf map 

The derivation of the corresponding Hopf map is straightforward. With a normalized UOSp{2\4:) 
spinor ijj 

-fp = {lpl,^2,'>p3,^i,m,V2)\ (192) 

subject to il^^il^ = I, N = 2 graded 2nd Hopf map is given by 

Xa = iP^Tai^, 0„ = V'*r,V, e'^ = iP^T'^iP, g = iP^Tij. (193) 

The normalization of ip indicates that ip is coordinates on S^l^. (jl93p satisfy 

XaXa + 2Ca^9a9^ + 2Ca^9'j'^ + = {^Hf = 1- (194) 

Then, we have eight (pseudo-)Majorana fermionic coordinates, 9^ and 9'^. However they are not 
independent, since they contain only four real Grassmann odd degrees of freedom coming from -qi 
and rj2- With the renormalization, 

Xa \/l -5^ Xa = {I - ^g^)Xa, 9 \J \ - q'^ 9a = 9a, 

9'^^^l-g^ 9'a = 9'^, g^^l-g2g = g^ (195) 

(jl94p is restated as 

XaXa + 2Cap9a9p + 2Cap9'j'p = 1. (196) 
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This would represent S^'^ provided 9a and 6'^ were independent. The original SO{b) normalized 
spinor (/> (jl42p is embedded as 



/V'A 

■03 
VV'4/ 



(197) 



One may demonstrate the cancellation of 5''^-fibre in the map (jl93p by following similar arguments 
in Sec l4.2.2l Write the two Grassmann odd components as 



rji = ufii + vui, 

112 = Ufl2 + VV2, 



(198) 



where u and v denote the coordinates on {u*u + v*v = 1), and /Ui_2 and z^i^2 are respectively 
real and imaginary components of 771^2 • From ()193p . we have 

Xa = {I- lii^i - ^21^2) Va, 



^^1^ = + 2/5) (1-/^11^1-/^21^2) ^ 



/i2 
Z^2, 



2\l TTV, + 



\1^2 J 

(199) 



where ?7|?/i = —fiiui and r/2r?2 = —^21^2 were utilized. Notice that u and t; do not appear in (jl99p . 
Besides, ^3^4 and ^3 4 are respectively related to 61^2 and 2 



\04y 1 + 
Thus, with the representation 



1 / ■ tN/^l 

(2/4 + i^/iO-i ) a 



(1/4 + ^yiCTj*) 



(200) 



V' = Vl + Tytm + 



01 

02 

03 
04 



a/ 1 - ^|??2 r/1 
V^l -77*771 r/2/ 



1 - /Uit^i - ^2t^2 
2(1+2/5) 




y^2(l + y5)(l + ^21^2) (■u/^i + vvi] 



\V^(T+y5)0-r/xIi^ (u/i2 + VV2)/ 

(201) 



the S^-fibre denoted by {u,v) is canceled in Xa, 9a and 6*^ (|193p . From (|199p . we have 



71(72 



1+2/5 

4(1 + /i2l^2 



1 + 2/5 

"4(l + /ni^i 



-/f2J^2, 



(202) 
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and hence 
or inversely, 

Then, 



0102 + 0102 



Ml 



i + ys 



4(1 + /iiz^i + 1x2^2) 



Ai2 



1 + 2/5- 


A{0^02 + 0'^0'^V 




2 




- 4(^1^2 + 0'l02) 




2 



[jiivi + ^21^2), 



'1^2 + o'A) 



Therefore, with the coordinates on 5^1^^, Ua- ^1,2 and 0'^ 2) (EQU) is rewritten as 



^2(1 + 2/5- 4(^2 + 



1+1/5' 



,02 + 0[0'^) (1 + 2/5) 



i+ys 



(^1^2 + ^i^^) (2/4 - 

2^/2 (7/6*1 + V02) 
2^/2 (7/6*^ +i;6'^) 



where are related to X(i cLS 

/ 



Va 



1 



l + 2/5-4(M2 + W^'^^' + '^^^^ 

^ ^2 + 0'A) - 7r^^(l + 2X5)(0ie2 + 0'x0'2? 



Meanwhile, g{^= —r]li]2 + i]iV2) is given by 

g = 2fJ.iH2UV* — {flll^2 + l'l^J'2){u*U — V*v) — 2viV2U*V, 

which depends on the 5'^-fibre, {u,v). 5'^-fibre is canceled in g^: 
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g = 2^1iVil_L2l>2 



(1 + 2/5)2 



^1^2^1^2- 



(203) 
(204) 



(205) 



(206) 



(207) 



(208) 



(209) 



Thus, though the cancellation is not "complete" in (jl93p (because of g), with the renormal- 
ization (jl95p in which only g'^ is concerned, 5"^ is completely projected out to yield coordinates 
on 5^1^. Consequently, the map ()193p with (jl95p represents 



S 



714 5^ 



^4|4 ^ ^4|i 



(210) 



The base manifold is S^'^, and then the corresponding fuzzy manifold is 5^^. 
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5 More supersymmetries 

One may incorporate more supersymmetries based on U0Sp{N\4:) algebras with > 3. The 
dimension of the U0Sp{N\4:) algebra is 

dim[uosp{N\A)] = 10 + ^N{N - 1)\AN = 10 + ^N{N + 7). (211) 

We denote bosonic generators as Tab = —Tba (a, b = 1,2, 3, 4, 5), Tim = —Tmi {l,m = 1,2, ■ ■ ■ , N) 
and fermionic generators as Ti^ (a = 1,2,3,4). They satisfy 

[Tab, Ted] = ii^acTbd — ^adTbc + hcTad — hdTac), 
[Tab,Tla] = {^ab)l3aTli3, 
i^ab, r^m] = 0, 

{Tla,Tml3} = 'y^^{C'~fab)al3Tab^lm + ^Co/^f/m, 
a<b 

[TlajTYnn] — (Sfmn)plTpaj 

\Tlrm Tnp] — ^InTmp ~l~ ^IpTmn ^mpTln ~\~ ^mnTlp, (212) 

where C is the 5*0(5) charge conjugation matrix (jll7p and jim = —'Jmi 

{I < m) are SO{N) 

generators given by 

- SlpSmn- (213) 

The UOSp{N\4:) quadratic Casimir is 

N I ^ 

C = ^ Tab^ab + Cap ^ TiaTip + ^ ^ (214) 
a<b 1=1 l<m=l 

The fundamental representation matrices of uosp{N\4) are given by 



/ O3+1 r„ /no 

-(Ct„)* , ti^={ ' 1 , (215) 



V On-i^ 



7«/T 



where 0^ signify k x k zero-matrices, and are given by (jl26p . Notice that F/^ are taken to be 
anti-hermitian, f = — f zm- We apply the Schwinger construction to (|215p and define 

Xa = ^^Ta^, Xab = ^^Tab^, 6^ = vftp^^^, Yim = ^^t,^^, (216) 

where ^ = {^1,^2,^3,^4,^1,^2, ■■ ■ ,^iv)* in which (a = 1,2,3,4) are bosonic while 
(I = 1,2, ■ ■ ■ , N) are fermionic. Square of the radius of A^-SUSY fuzzy four-supersphere is derived 
as 

N N 

XaXa + 2^CapQ^^^ef + YimYi^ = h{n + A-N), (217) 

1=1 l<m=l 
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with fi = Here, we utilized 

5 



J2XaXa = 2 XabXab=nB{nB + 4:), 



a=l a<b=l 

^ N 

Cal3&lt^ef = -—flB + nsflF + 2hF, 

1=1 

N 

YimYi„, = hF{nF-N), (218) 

l<m=l 

with fiB = Yla=i ^a^a and np = Yla=i ^o-^cr- Xa, @a\ do not satisfy a closed algebra by 
themselves. As a similar manner to Sec J4.2.4t one may readily show that the minimally extended 
algebra that includes Xa, and Yi^ is sm(4|A^). 

For UOSp{N\4) with = n, the graded fully symmetric representation is constructed as 

|mi,m2,m3,m4)ii = ^======^'1 ^ % ^1 ^JJO) 

\/mi\ 1712'- m-^l 7714! 

1 f ^1 +^2 +^3 +^4 ~ + ~ + , > 

|ni,n2,n3,n4)ii<^, = ^ % ^ *I *Ii*IjO) 

V?^l! ^2! ^3! 714! 



In, 7-2, 7-3, r4) = ^=i==^r^M/rC<' ^I'I§5§3---^'Li^]vlO>, (219) 
Vri!r2!r3!r4! 

where h+h+h+h = mi+m2+m3+m4+l = ni+n2+ri3+n4+2 = • • • = qi+q2+q3+QA+N -1 = 
ri + r2 + r-s + r4 + N = n. Therefore, with D{n) ([97|l . the dimension of ()219p is derived as 



^ 1 / \ 

L)2, = ^^C/-D(n-/) = -(2n + 4-A^)(^(2n + 4-A^)2-4 + 3iVj2^~^, 



(220) 



for n > — 3. (One may readily confirm that ()220p reproduces the previous results (jl6ip . ()187p 
for = 1,2.) For odd A^, = 2Z + 1, the degeneracies of bosonic and fermionic states are 
respectively given by Db = Ylk=o 2/+iC2fc • D{n - 2k) and Dp = Yl[=o 2i+iC2k+i ■ D{n -2k -I). 
Meanwhile, for even N, N = 21, the degeneracies are respectively Db = X]fc=o2;C'2fc • D{n — 2k) 
and Dp = X]fc=o 2iC2k+i ■ D{n — 2k — 1). Schematically, 5^^^(n) is expressed as a superposition 
of fuzzy four-superspheres with lower super symmetries, Sp'^^ with different radii, n, n — 1, 



32 



C,4|2Ar. ^ 



iCm. ■ S 



A\2N-2l 



m=0 



(n — m) 



~ S' 



A\2N-2l 



(n) e / • S] 



i\2N-2l 



(n-1) 



l{l — 1) rY4|2Ar 



2! 



SI 



-21 



(n-2) 



(221) 



Explicitly, 



-,4|2Ar 



(n) 



5' 



4|2Af-2 
-,4|2Ar-4 



n) © 25' 



S' 



4\2N- 



4|27V-4 
F 

4|27V-6, 



(n - 1) 



(n)©35^^^'-"(?i-l) 



C,4|2Ar-4, 

S"^ (n- 



6^ (?i-3), 



Replacing the Schwinger operator with a normalized UOSp{4:\N) spinor, i.e., ^ 
ipt (^t^ = 1) in (im . we introduce x^, ^o'' and that satisfy 



TV 



TV 



yimyim 



(222) 
^ and 

(223) 



1=1 l<m.=l 

The original 50(5) normalized spinor is embedded as 

(f>2 
4>3 



+ r?*r7i + r?*r72 + • • • + ??^??TV 



V'2 
V'3 



(224) 



The normalized [/05p(4| A^) spinor ip has the dimension (7|2A^). One may readily demonstrate the 
cancellation of the 5'^-fibre in the graded Hopf map by following the similar arguments presented 
in the previous sections (especially Sec l4.3.3]) . and hence the present graded Hopf map signifier^ 



5^1 



2TV 53 



^4|2TV 



(225) 



Compare (I223p with (I217p . Due to the existence of fermionic degrees of freedom, the zero-point 
energy in (|217p decreases with increase of the number of supersymmetry. For = 4, the square of 
the radius of fuzzy supersphere (j217p "saturates" the classical bound (j223p . In this sense, = 4 
is the "maximum" , otherwise the square of the radius takes negative value for sufficiently small n 
that satisfies n < N — 4. We have already discussed = 0, 1, 2 cases. In the following subsections, 
we argue the remaining cases, N = 3 and 4. 



The normalization corresponding to p95|) is {xa,9a ) ^ y 1 ^ X]i<m=i J^'™J^''" 



1, fd J 



After this normal- 



ization, the coordinates satisfy XaXa + '2'}2'iLi Capda'^d'^P 
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5.1 = 3 graded 2nd Hopf map and fuzzy four-supersphere 

The dimension of the UOSp{3\4:) algebra is 

dim['uosj9(3|4)] = 13|12 = 25. 
From (j213p . we derive the S0{3) generators 7jj = 1,2,3) as 





(o 


1 


0) 




(o 


0^ 




(o 


-A 


712 = 


-1 








, 723 = 





1 


, 731 = 





















-1 OJ 




V 


y 



With the identification f j = —^eijkTjk, Fj satisfy the SU{2) algebra 
Then, with 

square of the radius of = 3 fuzzy four-supersphere is obtained as 

3 3 



i=l 

The corresponding classical relation is 

3 



i=l 



i=l 



For = n, the dimensions of the bosonic and fermionic states in (|219p with 

respectively given by 

Db = D{n) + 3L>(n - 2) = -{2n^ + n + 3)(n + 1), 

3 

Dp = 3D{n - 1) + D{n - 3) = -{2n^ + 3n + 4)n, 

3 

and the total dimension is 

Dt = Db + Dp = -(2n + l){2n'^ + 2n + 3). 
3 

5.2 = 4 graded 2nd Hopf map and fuzzy four-supersphere 

The dimension of the C/0«S'p(4|4) algebra is 

dim[uosp(4|4)] = 16|16 = 32. 
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From (|213|), the SO{4) 


generators are obtained 


as 




















/ n 
' u 


i 


u 


U ' 




/ n 


n 
U 


i 


U ' 




' u 




U 


U 


1\ 




-1 
















n 


n 


n 




n 




n 


n 


n 


712 = 














, 713 = 


-1 











, 714 = 


















Vo 












VO 








0^ 




v-1 










0^ 




(0 








o\ 




(0 








o\ 




(0 










o\ 










1 
















1 


















723 = 


- 


-1 








, 724 = 














, 734 = 













1 




vo 












vo 


-1 





0^ 




vo 







-1 


0^ 
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- f -if 

^ ^ijk^ jk 2 *4 ) 



Since so(4) ~ su{2) © su{2), two independent sets of SU{2) generators can be constructed with 
the 50(4) generators Tij {i,j,k = 1,2,3): 

which satisfy 

~ ~ ~ ~/ -/ -/ ~ -/ 

[Ti,Tj\ = eijkTk, [rj,rj-J = eijkTi^, [Ti,Tj\ = 0. 

Then, square of the radius of = 4 fuzzy four-supersphere is written as 

4 3 3 



(236) 
(237) 



1=1 i=l 1=1 

and the corresponding classical relation is 

4 3 3 



(238) 



(239) 



1=1 



1=1 



i=l 



The cancellation of the zero-point energy in (|238p suggests equal numbers of bosonic and the 
fermionic states. Indeed, 



Db = D{n) + 6D{n - 2) + D{n - 4) = -n{n'^ + 2), 

3 

Dp = 4:D{n - 1) + 4:D{n - 3) = -^(n^ + 2). 

3 



The total dimension is 



Dt = Db + Df = -n{n^ + 2). 



(240) 
(241) 



6 Symmetry enhancement as quantum fluctuations 

As discussed in Sec l4.2.^ the algebraic structure of = 1 fuzzy four-supersphere is given by 
sn(4| 1). In this section, we provide a physical interpretation of the SU (4| 1) structure by evaluating 
quantum fluctuations of fuzzy two- and four-super spheres exemplified by correlation functions. 
The method is taken from Balachandran et al.[59l [31]. We only discuss = 1 fuzzy two- and 
four-superspheres, but generalizations to more SUSY cases are straightforward. 
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6.1 = 1 fuzzy two-supersphere 

We first define the supercolierent state on = 1 fuzzy two-supersphere. With the coordinates 
Xi ([^7|) and Xi ([33]) . the super-coherent state, is defined so as to satisfy 

{xiXi + €af}eaep)\Lo) = n\oj). (242) 

is derived as 

la;) = -l=i^^^r\0) = -^{iPi^l + V's^l - r]¥r\0), (243) 
\/n\ \/n'. 

where ^ is the graded Schwinger operator and ■0 the normalized spinor related to Xi, and Xi, 
Ga by (f^7|) and ([33]) respectivel}0. |a;) is nth order polynomials expanded by the graded fully 
symmetric representation (j54p . is normalized as 

{{uj\oj) = 1, (245) 

with dual state ((wj given by 

M = ^{m^^T- (246) 

The expectation values of Xi and 0q- are calculated as 

{{uj\Xi\uj) = nxi, ((a;|6Q,|ci;) = n9a- (247) 

Meanwhile, the correlation functions are 

{{uj\XiXj\uj) = ii^XiXj + Anip^LiP-Ljip, 
{{uj\XiQa\(^) = n^XiOa + Amlj^LiP^Latp, 

{{uj\eaQi3\^^) = n^OcOn + Anip^La^P-Lpi;, (248) 

where P_ denotes a projection operator 

P_ = 1-V'0^. (250) 

In the classical limit n — t- oo, the first terms of the order are dominant and the fuzzy two- 
supersphere is reduced to the ordinary commutative supersphere. The second terms of the order 



5' and i/j respectively satisfy 



Li* ■ Xi + e^pL^<^ ■ = + 1), 

Lixj) ■ Xi + e^pLaip ■ Op = i?/;. (244) 



With P+ = V"/'* , P- (|250|l satisfies the following relations, 



P++P- ^ 1, P±^ = P±, P+P- = P_P+ = 0. (249) 
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n exhibit quantum fluctuations particular to fuzzy geometry. The second terms are evaluated as 
Aip^LiP^Ljip = -XiXj + ieijkXk + 6ij, 

Alp^UP^Lalp = -XiOa + ^(o-i)/3„((9/3 + 

1 3 

Aip'^LaP-Lp^ = -OaOp + -{eai)ai3Xi + -eapz - 2ea/3. (251) 
Here, "da and z are defined by 

da = 2ij^Da'il', z = il^^Hip, (252) 



where Da and H are 



2 l-(er,)* i 



/l 0^ 
1 I , (253) 
^0 



2, 



with n = (1,0)*, ra = (0,1)* and e = if72. They are considered as "new emerging coordinates" 
by quantum fluctuation. The corresponding fuzzy coordinates of Xj, 9a, '&a and z are Xi, ©q,, 0a 
and Z deflned in (|300p (see Appendix l A. 1 . 1 1) . and they amount to the SU {2\1) algebra. Thus, the 
hidden S'f7(2|l) structure appears as quantum fluctuation of fuzzy two-supersphere. 

6.2 = 1 fuzzy four-supersphere 

With similar manner to Sec l6.1l the supercoherent state on A = 1 fuzzy four-supersphere, \uj), is 
introduced as 

{XaXa + 2Capeae^)\L0) = n|w), (254) 

where Xa,Qa (1150P and Xa,Oa (|132p are coordinates on and 5^'^, respectively. Explicitly, |a;) 
is given by 

Iw) = i(^'Vj)"|0) = -^ii^M + 1^2^ + ip3^ + ^4^1 - ?/^^)"|0), (255) 



nl vn\ 



where ^ and V are respectively the graded Schwinger operator (I15ip and normalized spinor 
(jl29|l^ . |a;) can be expanded by the graded fully symmetric representation ()157p . The dual state 
{{uj\ satisfying 

{{u\uj) = 1, (257) 

is given by 

{{uj\ = ^{0\ii;t^r. (258) 



^'i/ and satisfy 

r,* ■ Xa + 2C^fir^^ ■ 9,3 = + 3), 

■ Xa + 2Cc.,3r^v • f,8 = 1p- (256) 
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The expectation values of Xa and 0^ are 

iluj\Xa\ijj) = nxa, ((a;|0Q,|u;) = nOa- (259) 

The correlation functions are 

{{uj\XaXi,\L0) = rPxaXb + ni/j^T aP-T hip , 
{{uj\XaQa\(^) = n^XaOa + nip^TaP-Latp , 

((w|G„e^|a;) = n^9a9p + n^tr^P.T^j^, (260) 

where 

P_ = l-ipip^. (261) 
The second terms of the right-hand side of (|26U|) are calculated as 

i 4 

l/j^TaP-Tblp = -XaXb + 2lXab + SabZ + -Sab, 
V^tr„P_r„V = -XaOa + ^(7a)/3a(^/3 + ^p), 

^ 2 5 1 

V'^raP-T^jV = -0a0l3 - - y^(C7ab)a/3Xab - -{C'ya)al3Xa + ^^'a/^^ " ^C'a/S- (262) 

a<b 

Thus, for fuzzy four-supersphere, we have new coordinates, Xab, z, defined by 

Xab = i^^Tab^l^, i}a = i^^Dail^, z = iP^Hil;. (263) 

Here, Fab, Da and H are respectively (|124p . (|170|) and (|174|) . The fuzzy coordinates corresponding 
to twenty four coordinates, Xa, 9a, Xab, '&a, z, are, Xa, Qa, Xab, 0a, defined in Sec l4.2.4t which 
satisfy the S'C/(4|1) algebra (see also App endix I A . 2 . 1 p . Thus, we confirmed, similar to the fuzzy 
two-supersphere case, the enhanced SU (4|1) structure is brought by quantum fluctuation of fuzzy 
four-supersphere. 

7 Summary 

We performed a systematic study of fuzzy superspheres and graded Hopf maps based on U 0Sp{N\2) 
and UOSp{N\4:), respectively. For the positive definiteness of square of the radius, the construction 
of fuzzy two-superspheres is restricted to = 1,2, and fuzzy four-superspheres to A^ = 1,2,3,4 
(see Tables [T] and [2]) . The graded Hopf maps were introduced as the classical counterpart of the 
fuzzy superspheres. We derived an explicit realization of the 1st and 2nd graded Hopf maps: 

^3|27V g2\2N g7\2N g4\2N {264) 

The particular feature of the present construction is based on the super Lie algebraic structures. 
With use of the graded Schwinger operators, super Lie group symmetries are naturally incorpo- 
rated and the graded fully symmetric representation is readily derived. Adoption of the graded 
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Fuzzy manifold 


Sp 


q2|2 


c.2|4 
O p 


Number of super symmetry 


N = 


N = 1 


N = 2 


Original symmetry 


SO{3) 


U0Sp{l\2) 


UOSp{2\2) 


Enhanced symmetry 


SU{2) 


SU{2\1) 


SU{2\2) 


Square of the radius 


n{n + 2) 


n{n + 1) 


2 

n 



Table 1: Fuzzy two-superspheres and symmetries. 



Fuzzy manifold 


q4 
J p 


c.4|2 


q4|4 
J p 


q4|6 
O p 


q4|8 
J p 


Number of supersymmetry 


N = 


N = 1 


N = 2 


= 3 


N = A 


Original symmetry 


S0{5) 


UOSp{l\A) 


U0Sp{2\A) 


UOSp{2>\4) 


UOSp{A\A) 


Enhanced symmetry 


SU{A) 


5C/(4|1) 


SU{A\2) 


5C/(4|3) 


SU{A\A) 


Square of the radius 


n{n + 4) 


n{n + 3) 


n{n + 2) 


n{n + 1) 





Table 2: Fuzzy four-superspheres and symmetries. 



fully symmetric representation brings a particular feature to fuzzy superspheres: fuzzy super- 
spheres are represented as a "superposition" of fuzzy superspheres with lower supersymmetries. 
The algebras of the fuzzy two- and four-superspheres are enhanced from the original algebras, 
uosp{N\2) and uosp{N\A), to the larger algebras, su[2\N) and su{4:\N), respectively. We also ar- 
gued such enhancement in view of quantum fluctuation of fuzzy spheres by evaluating correlation 
functions. 

Since the present work is a natural generalization of precedent low dimensional fuzzy super- 
spheres, one could pursue similar applications performed in low dimensions, such as realization in 
string theory, construction of supersymmetric gauge theories on fuzzy superspheres. Applications 
to topologically non-trivial many-body models would be interesting, too. The Hopf maps have 
applications in many branches of physics [60] and also in quantum computation [61]. It may be 
intriguing to see the roles of the graded Hopf maps in the context of superqubits |62j . 

In this work, we focused on the construction of fuzzy supersphere whose bosonic dimension 
is two or four. This is because of the restriction of isomorphism between unitary-symplectic and 
orthogonal groups, USp{2) ~ 50(3), USp{4) ~ 50(5). At the present, we do not know how to 
generalize the present construction to even higher dimensions. Another remaining mathematical 
issue we have not fully discussed is the bundle structure of the graded Hopf maps. At least, these 
may deserve further investigations. 
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Appendix 

A SU{M\N) algebra and fuzzy complex projective superspace 

We summarize formulae about SU{M\N) algebra. The dimension is 

dim[sn(M|A^)] = + iV^ _ i\2MN = + 2MN + iV^ - 1. (265) 

The maximal bosonic subalgebra of su{M\N) is su(M) ® su{N) © u{l), and its fundamental 
representation matrices are given by 



Sa 



SA 



Tp 



'0 0\ 
tpj' 



N [ M- Itv 



(266) 



0/ ' 

with A = 1, 2, • • • , - 1 and P = 1, 2, • • • ,N'^ -1. and tp in (i266l) satisfy 

[sA,sp] = «/apcsc7, [tp,tQ]='ifpQB:tR, (267) 
with S*?/ (M) and SU{N) structure constants, Jabc and f'pgji- The fermionic generators are 



Qc 




V Oat^,/ 



/OM+a-1 \ 

r* 
V 0^_^/ 



(268) 



where a stands for the SU{M) spinor index (a = 1,2, ••• ,M), and a does the SU{N) index 
(cj = 1,2, ••• ,N), and 

r« = (O,--- ,0,i,0,--- ,0)*. (269) 

Therefore, the only non-zero components of Qaa and Qaa (|268p are, (a, M + a) and (M + o", a), 
respectively: 

(Qao-)/3r = Sal3^M+a,T, {Qaa)pT = 5/3,Af+o-'^ra • (270) 

Then, 

{Qaa)' = Qaa. (271) 

The SU{M\N) algebra is given by 

[Sa.Sb] = ifABcSc, [SA,Qaa] = {sA)l3aQl3a, [SA^Qaa] = - {s a) a^Q a P , 

[Sa,Tp] = 0, {Qaa, Qlir] = {Qaa, Qt^} = 0, 

{Qaa, Qr/?} = '^^ ar {s a) fiaS A + '^Sal3{tp)aTTp + J^^ar^apH^ 



[Qaa,Tp\ — {tp)aTQc 
[Tp,Tq\ = if'pQpTR, 



[Qaa,Tp\ — -{tp)raQ7 

[SA,r] = [Tp,H]=0, 



M - N ~ M - N ~ 

[Qaa,H^ — — Qaa, [Qaa,H^ — — Qaa, 



N 



(272) 
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and the Casimir is 

M2-1 M N TV^-l 

C = 2 J] SaSa - Y^Y^^QaaQaa " Q.aQaa) " 2 TpTp - ^ ff^ (273) 

A=l q:=1(T=1 P=1 

We apply the Schwinger construction to X = 5^^, Qaa, Qaa,Tp, H: 

X = (274) 

where 

* = (*i, 5-2, • • • , ^1, ^-2, • • • , ^nY, (275) 

satisfying 

[^a,^^] =5a/3, {^a,^l} = S^r, [^a,^a]= 0. (276) 

Inserting (j274p to (|273p . the Casimir is expressed as 

M- N-1 
~ M -N 

with h = Here, we used 



-h{h + M - N), (277) 



SaSa = -^7n-^B{nB + M), 



A=l 



p=l 

M N 



^' = ^(iVnB + Mnp)2, (278) 

with fiB = Yl!^=i ^a^O) f^F = Ylia=i ^^a^a- The Casimir eigenvalues are regarded as the square 
of the radius of fuzzy complex projective superspaces, CP^ Notice that the coefficient of 

the right-hand side of (j277p vanishes for M = N + 1, and is not well defined for M = N. In such 
cases, taking away of the common vanishing or divergent coefficient, we may regard the square of 
the radius of CPp^ as 

n{n + M - N). (279) 
The classical counterpart of (j274p reads as 

X = ip'fXip, (280) 

where V is a normalized SU{M\N) spinor ip = ("01 , ^'2 , • " " ; V'l; ^2, • ' ' iV'Af)* with Tp^ip = 1 
regarded as coordinates on 52A/-i|27V^ U{1) phase of ijj is canceled in ()280p . and thus (|280p signifies 
a generalized graded 1st Hopf map, 

^2A/-l|2Af QpM~l\N (281) 

See Ref.[50] for more details about CPp^ 
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A.l SU{2\N) algebra and CP^^ 
The dimension of the SU{2\N) algebra is 

dim[su{2\N)] = N"^ + 3|4iV = A^^ _^ 4A^ + 3. 
The bosonic generators ()266p are given by 



Li 



2 



Tp 





tp, 



1 /iV-l, 



N 









2 -In 



(282) 



(283) 



which respectively correspond to SU{2), SU{N) and U{1) generators. To clarify relations to 
the subalgebra uosp{N\2), we separate the SU{N) generators into symmetric and antisymmetric 
matrices: 

r^* = Ts, Ti' = -Tj, (284) 

with S = 1, 2, • • • , N{N + l)/2 - 1 and / = 1, 2, • • • , N{N - l)/2. Note Tj are pure imaginary 
antisymmetric matrices that satisfy the SO{N) algebra by themselves. Instead of Qaa and Qaa 
(j268p . we introduce the following fermionic generators 

/ Oi+cr Ta 



Lr 




-(er„)* 

V ON~a. 



with e = ia2- La„ and Da^j are related to Qaa and Qaa as 



Qc 



Lr 



or 



1 



Laa — 2^Qaa + ^apQcrfi)-, 



Qua — —^ap{Lpa + Dp^)-, 



Dacr — —-^{Qaa — ^apQaji) 



(285) 

(286) 
(287) 
(288) 



Therefore, 

QacrQaa QaaQacr — 2€afi{,LacrL fjcr L)acrL) Pa) • 

Laa and Daa act as U0Sp{N\2) spinor as we shall see below. With Laa and Daa-, the SU{2\N) 
algebra is rewritten as 



[Li, Lj] 

[Li, La, 



^^ijkLk ) 
1 



{(^i) l3aL Pa ■, 



[Li, Daa'\ 



-,{<^i)l3aL>l3a, 



{LaajLpr} — —{DaajD^r} — -5aT{<^Cri) a^Li - eap{il)aTTl ■, 

{Lacr, -D/3r} = -^al3{ts)aTTs - -ea/S^arH, 

[Laa^Ts] = —{ts)aTL>aT-, [Laa^Ti] = {ti)„T-LaT, 
[L>aa,Ts\ = -{ts)aTLaT, 

2- N 

[Laa^H] = — — Daaj [DaajH] = — — Lr 

[Tp,Tq] = if'pQ^T^, 



[Daa,Ti\ = {ti)„rDaT, 

2-N 



(289) 
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where ts and tj are respectively N x N symmetric and antisymmetric matrices of SU{N) gen- 
erators tp (|266p . From (j289p . one may see that Li, Laa, Ti satisfy a closed subalgebra, the 
uosp{N\2). 

We introduce the fuzzy coordinates of CPp^ as 

Yp = Z = ^^H^, (290) 



with the Schwinger operator ^' = (^fi, 'I'l, • " " > ^nY- Square of the radius of CPj is derived 



as 

3 2 AT Ar2-1 



2-N 

i=l a,P=lcr=l P=l 

= \_^' n{n + 2-N), (291) 

where h = Here, we used 

XiX, = hB{hB + 2), 

e«/3(e(f)e|,"^ - ©i")©^"^) = -2NhB + ^UBflF + 4.hF, 

YpYp = - '^^^^^h pinp - N), 

= (UB + ^np?, (292) 

with fiB = ^'J^'i + ^'2^2 and np = J2a=i ^o-^o-- For CPp^ , square of the radius is proportional 
to 

n{n + 2-N). (293) 

Notice that, for n < — 2, (|293p becomes negative. This situation is similar to Sp (see the 
discussions below (|89])). 



A. 1.1 sn(2|l) 

The dimension of the SU {2\1) algebra is 

dim[sti(2|l)] = 4|4 = 8. (294) 
From (p89]) . the SU{2\1) algebra reads as 

[Li,Lj] = ieijkLk, [Li, La] = -{(Ti)jiaLp, [Li, Da] = -{ai)paDi3, 

{LaiLji} = —{Da, Dp} = -ScrT{eO-i)al3Li, {La,Df^} = —-eai3H, 

[La,H] = -Da, [Da,H] = -La- (295) 
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The SU{2\1) algebra (j295p is isomorphic to the UOSp(2\2) algebra (f6T]) with the identification 
{La,iDa) = Lafj and H = 2iT. The maximal bosonic subalgebra of su{2\l) is su(2) © u{l). 
The uosp{l\2) is realized as the subalgebra by Li and in (j295p . The SU{2\1) irreducible 
representation is specified by "superspin" indices j (integers or half-integers) and g (complex 
value). For details, see Refs.|55| I63j . SU {2\1) has two Casimirs, quadratic and cubic. The 
quadratic Casimir is given by 

C = LiLi + eapLaLp - e^isDaDf^ - ^H'^, (296) 

and its eigenvalues are 

C=f-g\ (297) 

• Atypical representation 

When g = ibj, the irreducible representation is called atypical representation. Since there 
is automorphism, — )• —D^ and H ^ —H in (|295p . we discuss only the case g = +j. The 
dimension of the atypical representation is 4j + 1, which is already irreducible for the subgroup 
U0Sp{l\2). In the present case, the quadratic Casimir eigenvalues (|297p vanish identically. (Also, 
the cubic Casimir eigenvalues vanish since the eigenvalues are proportional to g{j'^ — g"^) |55j.) 
Thus, the two Casimirs do not specify atypical representation. The fundamental representation 
of s?x(2|l) is the simplest atypical representation given by the following 3x3 matricej^: 



2U Oi' " 2 I -(er^)* oi' 2 {-{er^f i' 



/l 0^ 
1 
^0 2. 



(299) 

where e = icj2, ti = (1, 0)* and T2 = (0, 1)*. For the matrices (j299p . one may readily check that C 
vanishes. In the Schwinger construction 



Xi = 2^>^Lim, = 2^'^Lc,^', 0„ = 2<^^Da^, Z = ¥ H^i , (300) 

UOSp{l\2) invariant quantities are given by 

XiXi + e^^G^G^ = ea/30a0/3 + Z'^ = n{n + 1), (301) 

where ii = Vt^^. Then, the SU{2\1) Casimir vanishes identically: 

X,Xi + eapQaQp - e^pOc^Op - = 0, (302) 

which implies that the Schwinger construction corresponds to atypical representation with g = 
j = n/2. 



^^Da and H in (12991) are constructed as 



with j = 1/2. 
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• Typical representation 

The typical representation refers to g ^ itj. The simplest matrices of the typical representation 
are the following 4x4 matriceJ^ 



1 (a, 

2 i O2 



Lr 



( O2 Ta 0' 
-(er«)* 
\ 0, 



L' 




In the Schwinger construction with ^ = (^1, ^'2, ^1, ^2)*, 
the quadratic Casimir is derived as 



p^l/ 02 0^ 

2 e. 



(305) 
(306) 



(307) 



The eigenvalue is n^/4 and the corresponding eigenstates are given by ()70p . The 5C/(2|1) 
typical representation for {j,g) consists of \j,j3,g), \j - l/2,j3,g + 1/2), \j - l/2,j3,g - 1/2) 
and \j — l,j3,g) with the Casimir eigenvalue (|297p [55j . One may readily see that the Schwinger 
construction corresponds to {j,g) = {n/2,0). 



A.1.2 sm(2|2) 

The dimension of the SU{2\2) algebra is 

dim[sM(2|2)] = 7|8 = 15. 
The fundamental representation matrices of su{2\2) are 

/ O2 Ta 0^ 



1 la, 

2 \ O2 



Lr 



\ 



-{eTaY 
0, 



lL 



/ O2 Ta 


\-{eTaf 



I 02 






/ O2 Ta 0^ 

{eTaf 

Y 0, 

2 I (Ji 



H = U. 



l a, 



2 \ O2 



^^The typical representation matrices (|305l) are superficially different from those in Ref . [55) 

/ O2 r„ 0\ 1 / °2 ° 

Lc« = - -(ere)* 00 , DL = - 
\ 0/ \-(eT-c.)' 

In that case, the corresponding quadratic Casimir is given by 

C = LiLi + eoL^LaLp — €oi0D'aD'p — F^. 



1 /O2 



2 \ CTi 



(308) 



(309) 



(303) 



(304) 
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With these, the SU{2\2) algebra is expressed a; 

[Li, Lj] = ieijkLk, [Li, Laa] = -{o'i)paLi3a, [Li, Dacr] = -^io-i)i3aDi3cr, 

1 .1 

{Lac7,L[Sr} = —{Daa, DfSr} = -^<TT{^<^i)al5Li + i-eaT^aliT2, 

{LaaiDpr} = —-{'yi)c7T^al3Ti — -{(y^)aT^apT'i — -^S^T^apH, 
[Laa.Ti] = —-{cri)TaDaT, [Dacr,Tl] = — -{o-l)rcrLaT , 
[Lacr,T2] = —-{cr2)TcrLaT, [Dacr,T2] = — -{cr2)TaDaT , 
[Lac7,Ts] = —-{(J3)TC7DaT, [Daa,Ts] = — ^{cr-i)raLaT , 

[L,,Tj] = [L^„ H] = [D^,,H] = 0, (311) 

where Lqo- = {La,L'^) and Daa = {Da^D'^). The UOSp{2[2) algebra (f6T]) is a subalgebra of (131 ip 
realized by Li, Laa and F = iT2. 

A. 2 SU{A[N) algebra and CP|^ 

The dimension of the SU{4:[N) algebra is given by 

dim[su(4|iV)] = 15 + N'^[8N = N'^ + 8N + 15. (312) 

For instance, 

dim[s'u(4|l)] = 16|8 = 24, dim[su(4|2)] = 19|16 = 35, 

dim[sii(4|3)] = 24|24 = 48, dim[sn(4|4)] = 31|32 = 63. (313) 

To clarify relations to uosp{N[4), we adopt the following "decomposition". We separate the 
SU{4:) generators, Sa = Ij 2, • • • , 15), into (5*0(5) vector and antisymmetric rank 2 tensor: 

1 r. = 4f:" °V 4r. = ^^:' (314) 



2V2 V2\0 On J' V2 V2\0 On^ 

with 7a (j92]) and jab (|102p . Notice that ja and jab have different properties under transpose 

{CjaY = -Cja, (CjabY = Cjab, (315) 



^^Since H = I4 commutes with all of the other fourteen generators, H generates the center of the SU{2\2) algebra. 
The pSU{2\2) algebra is defined by quenching H, and then 

dim bsu(2|2)] = 6|8. (310) 

There do not exist 4x4 matrices that satisfy the pSU{2\2) algebra. The minimum dimension matrices of psu{2\2) 
are 14 x 14 matrices, i.e. the adjoint representation. With 4x4 fundamental representation matrices (|309[) . one 
may nevertheless discuss psu{2\2) by identifying matrices modulo H. 
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where C stands for the SO{5) charge conjugation matrix (|117p . We also separate the SU{N) 
generators Tp (P = 1,2, ■ ■ ■ , N"^ — 1) into symmetric and antisymmetric matrices: 



Ts' = Ts, 



Ti* 



-Ti, 



(316) 



with S = 1, 2, • • • , N{N + l)/2 - 1 and / = 1, 2, • • • , N{N - l)/2. Tj satisfy the SOiN) algebra 
by themselves. Also, the U{1) generator is given by 





4- Ijv, 



We introduce the 5C/(4|iV) fermionic generators as 



1 

7^ 



( 



V 



Ta 

[Ct^Y 
Oat^,^ 



1 



Ta \ 



ON^a) 



which are related to (j268p as 

1 



Qo 



^/2 



^/2 



Cal3(ri3cr — Di3cr) 



or 



Therefore, 



V2 



{Qaa + CapQa-, 



V2 



{Qaa — CapQap) 



QaaQaa QaaQaa — CafsiJ^aa^ (3a Dq^(jD . 

The SU{4\N) commutation relations ()272p concerned with and read as 

= {la)paDpa, 



[rajToo-] = {lalpaDpa, \^ah,'^aa\ = (jab) 13 13 a, 

[^a,Dacr] = (la) l3a^ I3cr, [^ab-, Daa] = {lab) l3aD , 

{^au^^Pr} = -{Dacr,Dp^} = 5crT{Clab)al3^ ab — '^C aj3{tl)aTTl , 

{Taa-, Di3r} = -ScrT{Cja)al3^a + '^Cal3{ts)crTTs + -CajS^arH, 



[Daa,Ts\ = {ts)crT^aT, 



[DacrjTl] = {tl)crTDo 



N 



(317) 



(318) 



(319) 

(320) 
(321) 



(322) 



where ts and tj are respectively N x N symmetric and antisymmetric matrices of SU {N) gener- 
ators tp (f266D . Thus, 0116 niciy find, that ^abi '^aa-) 

Tj satisfy a closed algebra, the uosp{N\4:). 
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Square of the radius of CPp^ is derived as 

15 ^ 4 k ^ „ 

SaSa ~ 2 ^ y^.iQacrQaa - QaaQao) - ^ Tpfp - ^ ^ Z"^ 

A=l a=la=l P=l ^ ' 

5 5 , 4 Af , N'^~l 



a=l a<6=l o,/3=lcr=l P=l 

where h = 

= ^'t£)^^^^ Yp = 2^'^Tp-^, Z = -^^H^. (324) 

We utihzed 

15 



1 1 3 

SaSa = g E + 2 ^ ^afe^afe = gns(nB + 4), 

A=l a a<b 

4 Af 

E E(^"-^-" - ^-"^"a) = -Ca/3(e(f)eJ,") - 0(r)0jr^) = Nhb - IflBUF - 4nf , 



a=l cr=l 

Ar2-1 ^ Ar2-1 



E ^p'^p = I E ^^^^ = -^^^p^^p - 



4 ^ 2N 

p=i p=i 

= (fiB + ^^f)'. (325) 

Thus, for CPp^ , square of the radius is proportional to 

n(n + 4-iV). (326) 

A. 2.1 sn(4|l) 

The 24(= 16|8) matrices of sn(4|l) are given by 

^~ [o oj ' 1^ oj ' 1^0 4j ' 



For instance, for TV = 0, p26p is reduced to square of the radius of fuzzy CP . Since CP is locally , one 

may think of the need of two quantities to determine the radius of each S"* and S^. However, in the construction 
of fuzzy CP'^, we utilized the fully symmetric representation specified by the sole number n. Consequently, the 
"internal" fuzzy S'^ and 5"* of fuzzy CP^ are represented by matrices of same size specified by n, and hence their 
radii are similarly by n (see also Sec l4.ip . 
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which satisfy 

[ra, Tb] = AiTab, [^a, ^bc] = —ii^ab^c — ^ac^b)-, [^ab-, '^cd] = ii^ac^bd — ^ad^bc + ^c^ad — hd^ac), 

\^ab,'^a] = {lab)l3a^ p, \^ab,Da] = {'^ab)l3aDp, 

{ra,r^} = 'y^^{C^ab)aP^ab, {Da-,Dp} = -''^{C'^ab)al3^ ab, {^a,Dp] = -{C'ya)aP^ a + ^Caj^H , 



a<b 



a<b 

Tab and Ta satisfy a closed algebra, the uosp{l\4:). 



(328) 



A. 2. 2 sn(4|2) 

The SC/(4|2) algebra contains 35(= 19|16) generators. The bosonic and fermionic generators are 
given by 



r D v' d' 



where Fq, Tab, and T'^ are defined by (|18U|) and p81|) . Tj and H are ^7(2) generators 

1 /04 o\ 



Ti = -r 



2 I fj, 



H 



I4 
2- I2 



and D„ and D' are 



/ O4 Ta 0^ 



/ O4 T„\ 





\{CTaY Oj 



(Cr^Y 
\ 

The 5;7(4|2) generators satisfy 



a<b 



{Taa,Di3T-} = -ScrT{Cja)al3Ta + {o'l)crTCal3Tl + (cr3)o-TC'a/323 + -^^arCajsH, 



[Taa,Tl] = -{ai)rcrDc 



[Daa,Tl] — -{(Tl)raTaT, 



[r 



aa, J^2\ 



:{0'2)TaTc 



\D 



acr, -t2 



\Ta<T 1 — D(^(j , 

[Ti,Tj] = icijkTk, 
[Ta,T,] = [r„,,T,] =0, 



[Daa,T3] = -(0-3) Tar, 

[Ta,H] = [Tab,H] = [T,,H]=0, 



(329) 



(330) 



(331) 



(332) 

where Taa = i^ajT'^) and Daa = [Da^D'^). The nosp(2|4) (jl78p is realized as a subalgebra of 
sm(4|2) (1332]) with r^f^r^,^ and T = 2iT2. 
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B Charge conjugation matrices of 50(5) and U0Sp{l\4:) 

The complex representation of so(5), 7a ([92]) and 'jab (|102p . is given by 



7a = 7a = 7a' 7ab = [la, lb] = -lib 



-lib- 



The 5*0(5) charge conjugation matrix ()117l) acts as 

C*7aC = 7a, C^labC = lab- 



(333) 



(334) 



Clab and 7afeC are symmetric matrices, while and 7aC are anti-symmetric matrices. C has 
the following properties 



= c^ = c- 



-C, 



-1, 



I2 
-I2 



and is related to the USp{4:) invariant matrix (see Secj2]) 

by unitary transformation, J = V^CV, with 

V 



(335) 



(336) 



/I 








o\ 








1 








1 








Vo 








V 



(337) 



The unitary matrix (|337p also relates the so{5) matrices (|102p to the bases of usp{A) matrix (|lip . 
The complex representation of uosp(l|4), Fa, Fab and defined in Sec J4.2.ll is given by 



ab 



The complex representation is related to the original representation as 

7^*^a7^ = fa, n^VabU = fab, 7^*^„7^ = f , 

with the charge conjugation matrix 



n 



C 0' 
1 



(338) 



(339) 



(340) 



C Relations for matrix products 

C.l su(2\l) matrices 



With 3x3 unit matrix I3, the su(2|l) fundamental representation matrices (j299p span the space 
of 3 X 3 matrices, and hence their products can be given by their linear combination. For uosp{l\2) 
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matrices, Lj and Lq, their products are represented as 

r r _ 1 T 

J-'iJ-'j — -^Oij + t—eijkLk, 



LiLa = -^{(yi)pa{Lp — D13), 

1 13 

LaLi3 = -{eai)afsLi - -6^/3(1 - -H). (341) 



For the other su{2\l) fundamental representation matrices, 

LiDa = —-^{cri)pa{Lj3 — Dp), 
LiH = Li, 

1 3 

LaH = ——Da + 2'^'^' 

1 13 

DaDi3 = --{eai)aisLi + -eQ,/3(l - -H), 

1 3 

DaH = —2^a + 2"^°' 
t2 



= 3H - 2. (342) 



C.2 sm(4|1) matrices 

Similar to the sn(2|l) case, with 5x5 unit matrix I5, the sn(4|l) fundamental representation 
matrices (j327p span the space of 5 x 5 matrices. Then, their products can be expressed by their 
linear combination: for the products of Ta and Ta, 

ran = 2irab-yab{H-A), 

^oTa = ^(7a)/3a(r/3 + Dp), 

= -lj2(^^-b)ap^-b - l{Cja)apK " ^Ca/3(1 " ^^), (343) 
a<b 
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and for the other sm(4|1) matrices, 

^a^bc = -^{eabcde^de + i^b^ac — i^c^ab), 
TaDa = ^(7aW(r/3 + D/3), 

Tar = r„ 

^ab^cd = '^ii^ab^cd — ^ac^bd + Sad^bc — Sbc^da + Sbd^ca — Scd^ba) — ^abcde^e 
+ ^{Kb^cd - SaJbd + <Jad4c)(4 - H), 

^ab^a = -^i^ab)l3a(ri3 + Dp), 

^abDa = -(lab) I3a(r 13 + Dp), 
^abH = Fab, 

Ta-D/g = --^'^{Cjab)al3^ab + g(C'7a)a/3ra + -CapH, 
a<b 

r n — --n --r 
^ — 2 2 

a<b 

DaH = -^Da — -j^a, 

= 5H- 4. (344) 
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